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Introduction

il

AGH @ Introduction
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Introduction

Initial Value Problem

il

AGH
Z'(t) = f(t,z(t)), te|a,b],
{Z(a)zn,
e —co<a<b< e ncRY
e dcN o f:[a,b] xR =R
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Introduction

Randomized Euler schemes

neZy h="2 t=a+jhforje{0,1,...,n}

mmm T1,72,...: Q=R —iid. U([0,1]), 6; =tji_1+Th

AGH

Randomized explicit Euler scheme

v =n,
W =0t hef(0,07Y), jefl,...,n}

U — it .
IFE(t) = — (=) + Wt fort € [t1,t),j € {L,...,n}

Randomized implicit Euler scheme

WO =,
Wf:Wf_1+h-f<9j,Wf>,je{l,...,n}

Wi — w1 .
= (t—ta)+ Wit for t € [tj_1,t],j € {1,...,n}

www.agh.edu.pl

/IE(t)
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Introduction

Randomized RK2 scheme

mmm ne€Zy, h="522t=a+jhforje{0,1,...,n}

AGH
T1, 72, ... @ = R—iid. U([0,1]), 6; =tji_1+Th
Randomized two-stage Runge-Kutta (midpoint) scheme
Vo=,
Vii=VIimt 4 mhf(t_q, VI7Y), je{1,...,n},
VIi= VIimt 4 hf(0;, Vi), je{L,...,n}
Jj i1 .
] () = S (- ) f VI forte [ gl € {1 n)
§
=
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Error bounds under inexact information

Agenda
AGH
@ Error bounds under inexact information
Random Error: sup [|A(t) — z(t)||
5 te[a,b]
;;o LP(Q) error: [[Random Error]|;p(q) = (E(Random Error)p)l/p
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Error bounds under inexact information

Assumptions about the right-hand side function

il

AGH
(A0) Inll < K
(A1) f € C([a b] x RY),
(A2) ||If(t,x)|| < K(1 4 ||x]]), for all (t,x) € [a, b] x RY,
(A3) |If(t,x) = f(s,x)|| < L|t — s|? for all t,s € [a, b],

x € B(n,R),

(A4) [I£(t,x) = f(t, ¥)Il < Llix = y| for all t € [a, B],

1 x,y € B(n, R).

g Parameters of the class F§: a, b, d, 0, K, L, R.

2
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Let K, L € (0,00), o € (0,1].
Consider a class Fg of pairs (1, f) such that:

7/23



Error bounds under inexact information

Error bound for the rand. EE scheme

Assume that:

mmuj o (’I’], f) (S F"gEE' Reg = max{(K + 2)e(K+1)(b7‘3) +K—-1,K1+b— a)eK(bf") + K}.

@ We have access only to noisy evaluations of f:

AGH ~ b4 5
f(t,y) = f(t,y) +6(t, ), where [|6(z, y)[| <0 - (1 +[lyl]) for all
t€la,b],y eRY, 6 €(0,1].
For every p € [2,00),
there exists a constant C = C(a, b,d, K, L,0,p) >0
such that for all n > |b—a] + 1, all § € [0, 1],
and all IVPs and noise functions satisfying above assumptions:
i - i 1
3 sup |2(n. )(e) — =@ A < € (ammteria) 1),
¥ a<t<b Lr(Q)
0 v
g @ R. Kruse, Y. Wu. Error analysis of randomized Runge-Kutta methods for differential equations
g with time-irregular coefficients. Comput. Methods Appl. Math., 17, 479-498, 2017.
@ TB, M. Goéwin, P. M. Morkisz, P. Przybytowicz. Randomized Runge-Kutta method — Stability

and convergence under inexact information. J. Complex. 65, 101554, 2021.
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Error bounds under inexact information

Error bound for the rand. |IE scheme

Assume that:

lllmlJJ ° (n,f)€FL.

AGH @ We have access only to noisy evaluations of f:
f(t,y) = f(t,y) + 6(t,y), where [|o(t,y)[| <& (1+||y]) and

||S(t7y1) - S(t7y2)H < (SHYI - )/2|| for all t € [‘97 b], Y.y, € Rd,
0 €1[0,1].

For every p € [2,c0),
there exists a constant C = C(a, b, d, K, L, 0,p) >0

such that for all n with h(K 4+ 1) < 3 and AL < 1, all § € [0, 1],
and all IVPs and noise functions satisfying above assumptions:

sup |z(n, £)(t) — (7, F)(e)|

a<t<b

< min{o+3,1} )
LP(R) c (h o +5>

www.agh.edu.pl
.

@ TB, P. Przybytowicz. On the randomized Euler schemes for ODEs under inexact information.
Numer. Algorithms, 91, 1205-1229, 2022.
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Error bounds under inexact information

Error bound for the rand. RK2 scheme

Assume that:

mmm ° (n.f) € Pk,

Rri = max{Rl + K(b— a)(1+Ry — K), (Ko + 1)((K +2)eMo(Ko+D) _ 1) + Ko+ K}.
AGH @ We have access only to noisy evaluations of f:

F(t.y) = F(t.y) +0(t.y), where [|5(t,y)| < 8- (1+ y]]) for al
tclab], ycR? §eclo0,1].

For every p € [2,00), there is a constant C = C(a, b,d, K, L, 0,p) >0
such that for all n, all 6 € [0, 1],
and all IVPs and noise functions satisfying above assumptions:

sup Hz(n, £)(t) — IRK (7 H

ast<h

(h“z + 6)

LP(Q)

@ S. Heinrich, B. Milla, The randomized complexity of initial value problems. J. Complex. 24, 77-88,
2008.
@ R. Kruse, Y. Wu. Error analysis of randomized Runge-Kutta methods for differential equations
with time-irregular coefficients. Comput. Methods Appl. Math., 17, 479-498, 2017.
@ TB, M. Goéwin, P. M. Morkisz, P. Przybytowicz. Randomized Runge-Kutta method — Stability
and convergence under inexact information. J. Complex. 65, 101554, 2021.
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Error bounds under inexact information

Numerical example: empirical rate of convergence

Test problem: { z’((t) :_| si.n(100t)|r -2(t) -sin(2(t)?), t € [-1,2],

mmIJJ Algorithm ’ _l)e;liclit Euler implicit Euler

AGH Sch./inf. | r=025 r=05 r=075|r=02 r=05 r=0.75
det./ex. 1.026 1.079 1.073 1.025 1.037 1.008
det./inex. 0.788 1.047 1.047 0.774 1.014 0.985
rand./ex. 1.151 1.286 1.349 1.154 1.283 1.345

rand./inex. 0.815 1.199 1.232 0.811 1.195 1.225

Test problem: { Z(t) =t 2(t) -sin(2(t)?), t €[0,1],

z(0) = 1.

Algorithm two-stage Runge-Kutta
Sch./inf. | r=025 r=05 r=0.75
det. /ex. 1.186 1.388 1.534

det. /inex. 0.742 0.996 0.994
rand./ex. 1.278 1.453 1.481
rand./inex. 0.758 1.007 1.257

For the case of inexact information:
6 = h", where v = min{o + 1/2,1} for EE and IE, v = ¢ + 1/2 for RK2.
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Error bounds under inexact information

Numerical example: effect of noisy information

Constant value of the noise parameter §

mmm ® worst-case noise: f(t,y) = f(t,y) = 6(1 + |y|) depending on
AGH which option gives larger error

@ random noise: f(t,y) = f(t,y) + D(1 + |y|), where D is
a random number from [—4, ¢]

Algorithm: rand. explicit Euler

Ig(n) lg(n)
1 2 3 4 5 1 2 3 4 5

Iglerror)

Iglerror)

delta = 107(2)

delta = 107(2)

= delta = 107(-3) delta = 104(-3)
B -5 —o—delta = 107(-4) -5 —o—delta = 107(-4)
< ~e—delta = 107(-5) —o—delta = 107(-5)

& ——delta=0 —o—delta=0

3 % 6

3 . .

: worst-case noise random noise
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Error bounds under inexact information

Numerical example: effect of noisy information

Constant value of the noise parameter §
mmm o worst-case noise: f(t,y) = f(t,y) £ (1 + |y|) depending on
AGH which option gives larger error

@ random noise: f(t,y) = f(t,y) + D(1 + |y|), where D is
a random number from [—4, ¢]

Algorithm: rand. implicit Euler

Ig(n) lg(n)
1 2 3 4 5 1 2 3 4 5

Ig(error)
Ig(error)

delta = 107(2)

delta = 10%(-2)

I delta = 107(-3) delta = 107(-3)

E 5 o delta = 107(-4) s o delta = 107(-4)

< —e—delta = 107(-5) —e—delta = 107(-5)

& ——delta=0 ——delta=0

;' -6 6

3 . .

= worst-case noise random noise
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Error bounds under inexact information

Numerical example: effect of noisy information

Constant value of the noise parameter ¢
mmm ® worst-case noise: f(t,y) = f(t,y) £ 6(1 + |y|) depending on
AGH which option gives larger error

o random noise: f(t,y) = f(t,y) + D(1+ |y|), where D is
a random number from [—§, ¢]

Algorithm: rand. RK2

lg(n)
3

lg(n)
1 3

g -4 g -4
5 5

| delta = 107(-2) delta = 10(-2)

& 6 delta = 107(-3) € delta = 10%(-3)
3 ~o-delta = 107(-4) -o-delta = 107(-4)
= 7 -o-delta = 104(-5) 7 -o-delta = 101(-5)
% -e-delta = 0 -e-delta=0

g 8 8
z
= worst-case noise random noise
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Exceptional set

il

AGH

© Exceptional set

www.agh.edu.pl
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Exceptional set

mmu We have established

AGH
p 1/p
(E( sup [|2(t) — Au(1)]) ) < C( +9),
a<t<hb
with v = min{o+ 3, 1} for A € {EE,IE} and v = o+ 1 for A = RK2.
Now we consider
P( sup [|z(t) — An(t)]| > Emax{h",5}) < ?
| a<st<b
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Exceptional set

Probability of exceptional set for the rand. EE scheme

Assume that:

mmIJJ "] (777 f) S FlgEE' Ree = max{(K +2)elKHD(b=2a) 4 K _ 1 K1+ b — a)eK(b—a) 4 K}_

AGH @ We have access only to noisy evaluations of f:

f(t,y) = f(t,y)+4(t,y), where § is Borel meas. and has at most
linear growth in y (with parameter ¢ € [0, 1]).

There exist constants ¢, ¢c; > 0 dependent only on a, b, d, K, L,

such that for all for all IVPs and all noise functions satisfying the above
assumptions,

forall n> |[b—al| + 1, and for all £ > ¢,

P( sup [|2(t) = IFE(8)]| > € max{ (4121 5} ) < exp(—cae?).

ast<h

@ S. Heinrich, B. Milla, The randomized complexity of initial value problems. J. Complex. 24, 77-88,
2008.

@ TB. On the properties of the exceptional set for the randomized Euler and Runge-Kutta schemes.
Adv. Comput. Math., 49, 14, 2023.
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Exceptional set

Probability of exceptional set for rand. |IE and RK2 schemes

“]“J There exist constants ¢;, c; > 0 dependent only on a, b, d, K, L,

AGH  such that for all IVPs and all noise functions considered in the error
analysis for the rand. IE scheme

for all n satisfying h(K + 1) < 1 and hL < 1, and for all £ > ¢,

IP’( L |2(t) — I (2)|| > fmax{hm'"{gﬂ/z’l},&}) < exp(—€?).
t<

ast<h

There exist constants ¢;, ¢, > 0 dependent only on a, b, d, K, L,

such that for all IVPs and all noise functions considered in the error
analysis for the rand RK2 scheme,

forall n> [b—a] +1, and for all £ >

IP( sup ||z(t) — /RK(t)H > fmax{h9+1/2,5}> < exp(—cé?).
a<t<b

www.agh.edu.pl
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Exceptional set

Numerical example: exceptional set — part 1

lllmlJJ o P( sup [2(t) — An(8)]| > &(c) -max{n™.5}) =<

a<t<hb

AGH

@ Set ¢, n, and §. Assume that the exact solution z is known.

o Simulate N values r(n,d) = sup ||z(t) — An(t)|| and sort

ast<b
them increasingly: ri.ny < ... < ry:n.
o Consider the following estimator of £(¢):
N B -1

| f(é‘, n, (5) = r[(l—a)N]:N . (max{n 7,5})
;; @ Check whether §A is ‘stable’ for different choices of n and §.
2
2
2
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Exceptional set

Numerical example: exceptional set — part 2

mmIJJ Randomized explicit Euler scheme applied to

AGH Z'(t) = 2tz(t), t € [0,1],
z(0) = 1.

n §=0 6(n=n1 §n)=n1t o(n)=n" §=2.103 §=10"*

10 2.29 2.82 3.04 2.64 2.30 2.29
20 2.23 2.58 2.79 2.29 2.24 2.23
50 2.12 2.31 2.48 1.86 2.12 2.12

100 | 204 2.17 2.30 1.60 12.06 2,04
200 | [NG8 [2.06/ 2.17 1.39 2.02) [1.98
s00 | [ [S@ 2.04 1.18 2.04 msa

1000 | [iNG9 192 1.97 1.06 1.05 1.89

2000 | (7 [1.89 1.93 0.95 0.56 (187

5000 | Bl 1.86 1.89 0.84 0.25 186

www.agh.edu.pl
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Exceptional set

Numerical example: exceptional set — part 2

mmIJJ Randomized explicit Euler scheme applied to

AGH Z'(t) = cos(Z%(t)), t € [0,1],
z(0) =1.
n §=0 d(n)=nt §n)=n1 §n)=n" §=2.10"3 §=10"*
10| [0%6E 0.546 0.659 0.636 0.173 0166
20 | [0Sl 0.411 0.512 0.482 0.170 [0.160
50 | |[OHEA 0.299 0.376 0.336 0.175 10.157.
100 | [O¥B6 0.248 0.308 0.258 0.183 10.157.
200 | [OWEEEl 0.216 0.261 0.203 0.195 [0.157
500 | [0Sl 0.189 0.221 0.152 0.221 [0.158
4 1000 | [O%BEl 0.177 0.201 0.126 0.125 10.159.
3 2000 | [ONB5|  |6%GAl 0.187 0.106 0.074 0.161
% 5000 | [O¥B5|  |0%G3l 0.175 0.087 0.039 10.164
2
2
H
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Exceptional set

Numerical example: exceptional set — part 2

mmIJJ Randomized RK2 scheme applied to

AGH Z'(t) = 2tz(t), t €0,1],
z(0) =1.
n §=0 d(n)=n"1% §(n)=n"15 §n)=n1* §=2.10"3 §=10"*

10 4.80 4.95 5.05 414 479 4.78
20 5.18 5.25 5.29 4.01 5.18 5.19
50 5.45 5.49 5.52 3.79 5.49 5.51
100 | [E6dl 5.63 5.63 3.59 2.86 1558
200 | [E6Ol 571 572 3.36 1.08 571
500 | [BEBI 577 577 3.09 0.36 5.14
1000 | [BFEA 5.80 579 2.91 0.20 1.84
2000 | [BI80l [5.81 [5.83 2.72 0.13 0.66
5000 | [Big6l 5.84 582 2.50 0.08 0.18

www.agh.edu.pl
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Exceptional set

Numerical example: exceptional set — part 2

mmIJJ Randomized RK2 scheme applied to

AGH Z'(t) = cos(Z%(t)), t €[0,1],
z(0) = 1.
n §=0 6(n=n1 §(n)=n1> §n)=nt* §=2.10"% §=10"*
10 0.485 0.527 0.550 0.461 0.486 0.485
20| [0MS9  [0wE0I 0.494 0.386 0462 0461
50| [OMSS|  [owGA 0.471 0.330 0465 0458
100 | [0%60l  [0%63l [0.466 0.301 0.244 10459
200 | [OWGSl  [oMGd 0.467 0.279 0102 [oMGH
500 | [0M6d ~ [0M66l [0.469 0.254 0.045 0.419
J 1000 | [0%69]  [0%69 10.469 0.237 0.030 0.150
: 2000 | [0WEE [0 10470 0.221 0.021 0.056
5 5000 | [OWE |00 [0.472 0.202 0.013 0.018
:
H
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Optimality

il

AGH

© Optimality

www.agh.edu.pl
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Optimality

Randomized algorithms based on inexact information

mmm o F — some class of IVPs (), f)

e Ks — some class of noise functions
AGH L . .
@ Noisy right-hand side function:

f = f + noise function

@ Vector of inexact information about (7, f) € F:

N(ﬁa F) = [ﬁa F(tla)/l)v Tt F(thyi)a F(eh 21)7 Tt F(inzf)]

@ Algorithm based on N(7j, f):

A, F) = @(N(7, F)),

where ¢ : RZH19 _, D([a, b]; RY)

www.agh.edu.pl
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Optimality

Error of an algorithm

il

AGH

www.agh.edu.pl

Worst-case error of the algorithm A:

sup [|z(, )(t) — A7, F)(2)]

ast<b

(AF/Ca):(sp up

f) (7,F) Lr(Q)

nth minimal error:
p)(F,’C(g) = IE‘f e(p)(Av Fa IC(S)»

where infimum is taken over all algorithms requiring at most n
noisy evaluations of f.

An algorithm whose error asymptotically attains the nth minimal
error is called an optimal algorithm.
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Optimality

Optimality properties for rand. EE, IE, and RK2 schemes

mmm @ “Optimal” = "optimal in the class of IVPs and the class of
AGH noise functions assumed in this algorithm'’s error analysis”.

@ We have worst-case errors for randomized EE, |E, and RK2
schemes (under some assumptions).

@ For all classes of [VPs and noise functions that we

considered, the nth minimal error has the lower bound of
order het1/2 4§

E. Novak. Deterministic and Stochastic Error Bounds in Numerical Analysis. Lecture Notes in
Mathematics, vol. 1349, New York, Springer—Verlag, 1988.

TB, P. Przybytowicz. On the randomized Euler schemes for ODEs under inexact information.
Numer. Algorithms, 91, 1205-1229, 2022.

TB, M. Goéwin, P. M. Morkisz, P. Przybytowicz. Randomized Runge-Kutta method — Stability
and convergence under inexact information. J. Complex. 65, 101554, 2021.

) @) =D
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Optimality

Optimality properties for rand. EE, IE, and RK2 schemes

il

AGH @ “Optimal” = "optimal in the class of IVPs and the class of
noise functions assumed in this algorithm’s error analysis”.

@ We have worst-case errors for randomized EE, |IE, and RK2
schemes (under some assumptions).

@ For all classes of [VPs and noise functions that we
considered, the nth minimal error has the lower bound of
order hoT1/2 4 §.

The randomized RK2 scheme is optimal.

www.agh.edu.pl
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Optimality

Optimality properties for rand. EE, IE, and RK2 schemes

mmm e “Optimal” = “optimal in the class of IVPs and the class of

AGH noise functions assumed in this algorithm's error analysis”.

@ We have worst-case errors for randomized EE, |E, and RK2
schemes (under some assumptions).

@ For all classes of IVPs and noise functions that we

considered, the nth minimal error has the lower bound of
order hot1/2 4 6.

@ Upper bounds that we established for rand. Euler schemes
are sharp: the worst-case error of these algorithms has order
exactly hMMPH1/21} L 5 For p > 1/2, it'is h+ 4.

The randomized IE scheme is optimal < o < 1/2.‘

www.agh.edu.pl
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Optimality

Optimality properties for rand. EE, IE, and RK2 schemes

@ “Optimal” = "optimal in the class of IVPs and the class of
mmIJJ noise functions assumed in this algorithm's error analysis”.
@ We have worst-case errors for randomized EE, IE, and RK2
schemes (under some assumptions).

@ For all classes of IVPs and noise functions that we
considered, the nth minimal error has the lower bound of
order hot1/2 5.

@ Upper bounds that we established for rand. Euler schemes
are sharp: the worst-case error of these algorithms has order
exactly MMMPH1/21} L5 For p > 1/2, it'is h+ 4.

AGH

The randomized EE scheme is optimal if o < 1/2. For o > 1/2,
there is a gap between lower and upper bounds for the nth minimal
error, although we suppose that the rand. RK2 scheme is optimal
also in this (broader) class of IVPs.

www.agh.edu.pl
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Thank you
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