A quasi-Monte Carlo data compression algorithm for machine learning
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Data fitting

e data X = {z1,...,zn} C [0,1]°
® responses Y = {y1,...,yn} CR
Aim: Find a predictor

Sw (0,17 = R, fw(zs) =y,

Example:
fw(x) = Bo + Brar + - + Bsis,

Example: fyy is Neural Network

i=1,2,...

W = (Bo, B1, - .-

Y

N

Bs);
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Data fitting

1.5 T

* Data
f4(x) = -0.8822+2.006"x
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Training

Quality of predictor:

N
ey (fw) = S (hwlan) — o) + Ry

n=1

® choose the parameters W such that errx ,(fw) is 'small’.
® many evaluations of errx ,(fyw) might be required

¢ Lasso (least squares with ¢;-constraint), gradient descent
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Training

Quality of predictor:

N

ey () =3¢ S (Pwen) = y)? + Ry

n=1
1 & 2 & 1 &
= 2 Fwlan) = 52 Y wnfw(en) + 5 v+ Bw
n=1 n=1 n=1

® choose the parameters W such that errx ,(fw) is 'small’.

® many evaluations of errx ,(fyy) might be required

¢ Lasso (least squares with ¢;-constraint), gradient descent
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Cost reduction techniques
Gradient descent requires to compute

N
1
N Z vW(fW(xn) - yn)2
n=1
® Batch gradient descent: compute random sample of M < N terms of sum

1 N 1 M
N 2 Vovlhwlen) —unl* = 573 Iw(fwlen) =y

® Support points [Mak-Joseph 2018]: target distribution YV’

e 1 <
arg_min {M;EH%—YH—MQZ s = 2411}

2152 M =
2,j=1

e Sketching algorithms, see e.g. [Ahfock, Astle 2017]
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|dea

Find an approximation of erry ,(fyy) which can be computed in less than IV
operations.

We need to approximate two terms:

and
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ldea

Let P = {z1,...,2m} C [0,1]° be a set of points with M < N

® calculate weights (Wx p(zm))1<m<nm such that

1 N M
N Z Fiv(an) = Z Fiv(zn)Wx p(2m)
n=1 m=1

* weights (Wx,y,p(%m))1<m<m such that

fW(Zm)WX,y,P(Zm)

1=

1 N
n=1
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Decoupling training from data

We then find 'optimal’ parameters WW by minimizing
wa Zm WXP(Zm _QZfW Zm ‘/VXy7 Zm Zyn+RW
m=1 m=1

® Computing the weights Wx p(z,) and Wx , p(2y,) depends on N and M, but
not on W.

® Finding 'optimal’ W depends on M and the number of optimization steps, but
not on N.

#opt.steps + #data < #opt.steps x #data
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Digital Nets

P={z,...,zpm} is a (t,m,s) net in base b (M = b™)

® Elementary interval in base b:

s
a; a;j+1 "
Ia7d7m = H |:bCZ7’ de] >7d1+“'+ds :m_t,o S aj < b J

j=1

)T runs

® For fixed d = (di,...,ds)" we get a partition of [0,1)° as @ = (a1,...,as
through all admissible choices.

o Vol(Igq) = b

® Pisa (t,m,s)-net if each elementary interval contains exactly b points.
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Digital net

The shaded region

contains exactly one
point.
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Digital net

The shaded region

contains exactly one
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Digital net

The shaded region

contains exactly one
point.
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How should we choose the weights W p(2,,,)?

The shaded region

contains 16 out of 32
data points
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How should we choose the weights W p(2,,,)?

The shaded region
n - contains 6 out of 32 data
8 x points
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How should we choose the weights W p(2,,,)?

The shaded region
- N contains 2 out of 32 data
8 x points
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How should we choose the weights W p(2,,,)?

The shaded region
- - contains 8 out of 32 data
8 x points
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How should we choose the weights W p(2,,,)?

So the weights based on this partition should be

Wx p(z1) :£ = %7
Wx p(22) :% = %7
Wi p(23) :% = %7
Wi p(24) :% = %;

= We can also use all the other possible partition into elementary intervals
simulatenously.
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Average data density

“How many data points can be reached from z,, with elementary interval of volume
2-[11

. The shaded region
x contains 6 out of 32 data
points
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Average data density

“How many data points can be reached from z,, with elementary interval of volume
2-[11

. The shaded region
x contains 9 out of 32 data
points
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Average data density

“How many data points can be reached from z,, with elementary interval of volume
2-[11

. The shaded region
x contains 9 out of 32 data
points
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Final result

The formula for Wx p(2p,) using all possible partitions is

s—1
s—1\ b
Ser(U) T Y Y # A e
q dENg acKy

|d|=m— quEIa d

We use the approximation

bm

N
%Z fEn ~ mm f7 Zfzé WXP(ZK)

/=1
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Efficient computation

Main challenge is to compute

Se(zm) == > Y. #(XNIaa)

dENS acKy
|d|=¢ 2m€la,d

° bé(@sri]l) elementary intervals

® direct computation intractable

= Use properties of dyadic intervals
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Efficient computation

Given data point z and net point z,,
e for each dimension j =1,...,s
® find largest i; € N with

ab”i < Tj,2m; < (a+ 1)b=% for some a € N
® use equivalence
#{laa : 2m @ € Ing, | Taal = b} =#{deN° : |d| = (,d < i}

® sum over all data points x € X
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Efficient computation

Remains to compute
N, s,1) :#{dGNS 2 |d] zﬁ,dgz’}

Use recursion

Theorem [Dick-F. 2021]

® Startup cost of computing M,, .,/ (f, X) is O(sm’bm'N)
® Recomputing M, »/(f, X) for the same data points X" but different f costs
O(sb™)
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Error estimation
Walsh functions wy(z) := exp(27/b(kox1 + ... + kj_12;)

1 1 1
0.8 0.8 08
06 06 06
0.4 0.4 04
02 0.2 02

0 0 0
02 02 0.2
04 0.4 0.4
06 06 0.6
08 08 0.8

1 -1 1

Multidimensional analog
S
wi(x) == Hwks(ms)
j=1
* L*([0,1]%)-orthogonal basis

® good to approximate smooth functions [Dick 2013]
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Error estimation

Goal: approximate
1 N
n=1

® Walsh series approximation

f@) ~ fr(x) = fuwn(z)

keK

® approximate data density

1 N
= ZNchwk T )WE ()

keK n=1
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Error estimation

Goal: approximate

1 & 1 &
N;Cnf(xn) ~ an::lcnfl((xn)

® Walsh series approximation

f@) ~ fr(x) = fuwn(z)

keK

® approximate data density

1 N
= ZNchwk T )WE ()

keK n=1
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Error estimation

Goal: approximate

1 & 1 X
N nz::lcnf(xn) ~ N T; Can(xn) = 01" koK dx

® Walsh series approximation

f@) ~ fr(x) = fuwn(z)

keK

® approximate data density

1 N
= ZNchwk T )WE ()

keK n=1
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Error estimation

Goal: approximate

N

—chf r) & % O en i) / froxde= | foxda

n=1 [071]5

® Walsh series approximation

f@) ~ fr(x) = fuwn(z)

keK

® approximate data density

1 N
= ZNchwk T )WE ()

keK n=1
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Error estimation

Goal: approximate

N
chf T, Nszlcan(wn):/[O,l]st¢Kd$: f¢de

[0,1]*

® use digital net to approximate integral
bm
fordomb™™> " f(zr) b (2k)
[0,1]° k=1
* choose K :=J|g—py {a : @ < b%} for
bTTL
b Z f(zk)¢K(zk) = Mm,m/(f> X)
k=1
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Error estimation

L -
N D end ) = [, Jode= 3 o)

Two approximation errors

® Walsh series approximation error

If = ficllzooqo,gs) S M/~ | £

® quadrature error for order « digital nets

bm
forde—b""> " f(zr)br(z)| S mIb=tm)| £
k=1

o
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Main result [Dick-F. 2021]

New algorithm to approximate large sums with QMC
| N
N nz::l Cnf(xn) ~ Mm,m’(fv X)
® optimal choice m’ ~m/(1+ 1/a) leads to

N
‘% Z nf(@n) = M (f, X)| S pem/ e
n=1

® with startup cost
O(Np™/(1+e))
® and online cost

on™)
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Remarks on main result

If data is QMC pointset = ¢ =1 = error < b~
[Longo, Mishra, Rusch, Schwab, 2021]

All error estimates depend on || f||
8W1,...,ka

® can be calculated explicitely for feed-forward networks
® use holomorphic activation function

x e

= tanh
$la) = tanh(z), T =

® can be controlled in terms of ||| [Longo, Mishra, Rusch, Schwab, 2021]
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Finding good digital nets

most challenging part

/ for dx
[0,1]¢

® fis smooth
® ¢ is piecewise constant Walsh expansion of order m’

= (t,m, s)-net with m — ¢t > m/ will integrate ¢x exactly

e if m —t < m/, approximation is bad

e strict limits on ¢-value of nets [Niederreiter-Xing]

t 2 s—log(s)
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Weighted (¢, m, s)-nets?

 Digital nets with product and/or order dependent t-values
I, i P s (t(i1,...,i), m, s)-net

® If ¢ of order m' represents data (images,...)

-
for dx~ % > FE)br(2)
=1

[0,1]°

with m ~ m’ “independent” of t-values
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First order approximation property

Walsh series expansion with K := | g—, {a@ : @ <%} leads to

I1f = frcllzeeqogs) S m' =™ | £

* Can we improve that? OQ(b~™")

® QObviously: need larger K = better digital nets which integrate ¢ exactly
Similar results for “multiple rank-1 lattice rules”

® higher-order approximation with fourier series expansion

¢ [Kammerer, Volkmer 2019], [Kammerer 2016]
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Numerical example: linear regression (6-dim)

= 2avg
L

T

T

102
cost
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Numerical example: NN
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Numerical example: DNN

I m'=11, m
CMm'=12,m
[ Im'=13,m
I m'=14, m

NN NN
L
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Thanks for lan!

Michael Feischl
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