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The Wishart distribution

Let
» n,peN,

» I = (vij)i<i<p,i<j<n be i.i.d. standard Gaussian random
variables,

» ST(RP) = {A € RP*P: Als positive semi-definite},
> STH(RP) = {A € RP*P: Ais positive definite}.

!The Wishart distribution was introduced in 1928 by John Wishart
2/22



The Wishart distribution

Let
» n,peN,

» I = (vij)i<i<p,i<j<n be i.i.d. standard Gaussian random
variables,

» ST(RP) = {A € RP*P: Als positive semi-definite},
> STH(RP) = {A € RP*P: Ais positive definite}.
Let X be the S™(RP)-valued random variable given by
X=TIrT,

then! X ~ Wishart,(n) (‘X had a Wishart distribution with n
degrees of freedom’).

!The Wishart distribution was introduced in 1928 by John Wishart
2/22



The Wishart distribution

Let
» n,peN,

» I = (vij)i<i<p,i<j<n be i.i.d. standard Gaussian random
variables,

» ST(RP) = {A € RP*P: Als positive semi-definite},

> STH(RP) = {A € RP*P: Ais positive definite}.
Let X be the S™(RP)-valued random variable given by

X=TIrT,
then! X ~ Wishart,(n) (‘X had a Wishart distribution with n
degrees of freedom’). Generalizations:
X =(VQr+A)LQr+ AT

with Q@ € ST(RP), A€ RP*": X ~ Wishart,(n, Q, A).

!The Wishart distribution was introduced in 1928 by John Wishart
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The Wishart distribution

» Let X ~ Wisharty(n). If n> p then X € ST7(RP) a.s. and X
allows for a density on ST (RP).

3/22



The Wishart distribution

» Let X ~ Wisharty(n). If n> p then X € ST7(RP) a.s. and X
allows for a density on ST (RP).

» The Laplace transform S*(RP) 3 u +— E(e (“X)) can be
given explicitely.

3/22



The Wishart distribution

» Let X ~ Wisharty(n). If n> p then X € ST7(RP) a.s. and X
allows for a density on ST (RP).

» The Laplace transform S*(RP) 3 u +— E(e (“X)) can be
given explicitely.

» The Wishart distribution is used in e.g. multidimensional
(Bayesian) statistical analysis and random matrix theory.
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The Wishart process

Let
> Ac RPXP,
> Yo, Q € STH(RP),
> W:[0,00) x Q — RP*" a standard Brownian motion,

and let Y': [0,00) x Q — RP*" be the Ornstein-Uhlenbeck process
satisfying

dYy = AY,dt +/QdW,, t>0,
e, Ye=e"Yy + [y e=IAVQ dW.
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The Wishart process

Let
> Ac RPXP,
> Yo, Q € STH(RP),
> W:[0,00) x Q — RP*" a standard Brownian motion,

and let Y': [0,00) x Q — RP*" be the Ornstein-Uhlenbeck process
satisfying
dYy = AY,dt +/QdW,, t>0,

e, Ye=e"Yy+ [y etDA/Q dW;. Set
Xe=Y.Y[, t>o0.

Then X; has a Wishart distribution for all t > 0. We call (X;)¢>0 a
Wishart process.
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The Wishart process

Theorem (Bru, 1989)

Let (Xt)e>0 be the Wishart process introduced above and n > p.
Then there exists an RP*P-standard Brownian motion (Bt)¢>0
such that

dX; = (nQ + AX; + X:AT) dt +/Q dB:X: + X; dBI \/Q, t>0.

Apply 1td formula to Y;Y;". Show that martingale part of dY;Y,"
is equal in distribution to v/Q dB:X; + X;: dBf v/Q. O
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The Wishart process
Theorem (Bru, 1991)

Ifa € NU(p —1,00) and rank(Xp) < « then there exists a unique
St (RP)-valued (weak) solution to

dX; = aQ + AX; + X;AT dt\/Q dB:X: + X dB/\/Q, t>0.
(Wisp)
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The Wishart process
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Ifa € NU(p —1,00) and rank(Xp) < « then there exists a unique
St (RP)-valued (weak) solution to

dX; = aQ + AX; + X;AT dt\/Q dB:X: + X dB/\/Q, t>0.
(Wisp)
Moreover,
» the Laplace transform of X:, t > 0, can be given explicitely
and coincides with a Wishart distribution when o € N;
» the eigenvalues and -vectors of X¢, t > 0, solve a system of
SDEs that can be given explicitely.

Theorem (Cuchiero, Filipovic, Mayerhofer, Teichman: 2011)

If a (weak) solution to (Wisp) exists for all Xo € STT(RP) then
a>p—1.
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Infinite dimensional Wishart processes: why?

Infinite-dimensional stochastic processes call for
infinite-dimensional covariance models.
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Infinite dimensional Wishart processes: why?

Infinite-dimensional stochastic processes call for
infinite-dimensional covariance models.

E.g.: models in financial/energy/commodity markets, i.e., models
describing, for every tg < t < t;, the expected cost of buying 1
euro/kWh/kg of silver, given the information at time tp.
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Samples of the forward rate curve f; for different values of t
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Image source: http://crazyquant.blogspot.com/2012/10/hjm-model.html
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Question: can we construct infinite-dimensional Wishart processes?
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Question: can we construct infinite-dimensional Wishart processes?
Recall:

Theorem (Bru, 1991)

If o e NU(p—1,00) and rank(Xp) < « then there exists a unique
ST (RP)-valued (stoch. weak) solution to

dX; = aQ + AX; + X; AT dt\/Q dB:X: + X; dB/\/Q, t>0.
(Wisp)

Theorem (Cuchiero, Filipovic, Mayerhofer, Teichman: 2011)

If a (weak) solution to (Wisp) exists for all Xo € ST*(RP) then
a>p—1.
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> (H

()
» L;(H) the space of trace-class operators on H,
» Ly(H) the space of Hilbert-Schmidt operators on H,
» S(H)={Ac L(H): A* = A},

YH, |||l y) a separable real Hilbert space,
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Some notation

(H

, (-, )H, |||l y) a separable real Hilbert space,
L1(H) the space of trace-class operators on H,
Ly (H) the space of Hilbert-Schmidt operators on H,
S(H) = {A € L(H): A* = A},
ST(H)={Ae S(H): A>0},
S1(H) = S(H) N Li(H),
S{(H) = ST (H) N Li(H).

vVvvyVvVvVvyyypy
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Infinite-dimensional Wishart processes: an example

Benth and Simonsen (2018) consider an ‘infinite-dimensional
Heston model’:
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Infinite-dimensional Wishart processes: an example
Benth and Simonsen (2018) consider an ‘infinite-dimensional

Heston model’:
the stochastic covariance is modelled by X; := Y; ® Y, where Y is

an H-valued Ornstein-Uhlenbeck process:
dY: = AY, dt + /QdW,,

with
» A: D(A) C H — H is the generator of a Cp-semigroup,
» W is a H-cylindrical Brownian motion,

> Qe S;(H).
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Infinite-dimensional Wishart processes: an example
Benth and Simonsen (2018) consider an ‘infinite-dimensional
Heston model':
the stochastic covariance is modelled by X; := Y; ® Y, where Y is
an H-valued Ornstein-Uhlenbeck process:

dY: = AY, dt + /QdW,,
with
» A: D(A) C H — H is the generator of a Cp-semigroup,
» W is a H-cylindrical Brownian motion,
> Qe S;(H).
Note: X; € S;(H) as.
Indeed, Benth and Simonsen calculate the Laplace transform

SH(H) 3 u s Ee~ Yo Yin,

This Laplace transform is analogous to that of a Wishart

distribution with 1 degree of freedom.
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Theorem (C., Cuchiero, Khedher (2023))

Assume
» A: D(A) C H — H generator of a Cy-semigroup (€%):>0,
> Q€ St(H) such that [ ||Qe™| 1) ds < oo for all t >0,
» ne N and Xy € S(H) with rank(Xp) < n.

Then there exists a Ly(H)-cylindrical Brownian motion W and an
adapted stochastic process X : [0,00) x Q — S;"(H) such that
Vg,h e D(A*),Vt > 0:

d(Xig,hyn = (n(Qg, h)n + (A"g, Xeh)n + (Xig, A"h) ) dt

+ (VX dWe/ Qg Y + (v Q AW VX g, hy .
(Wisso)

12/22



Theorem (C., Cuchiero, Khedher (2023))

Assume
» A: D(A) C H — H generator of a Cy-semigroup (

> Q€ St(H) such that [ ||Qe™| 1) ds < oo for all t >0,

» ne N and Xy € S(H) with rank(Xp) < n.
Then there exists a Ly(H)-cylindrical Brownian motion W and an
adapted stochastic process X : [0,00) x Q — S;"(H) such that

Vg, h € D(A*),Vt > 0:

etA)tZO,

d(Xeg, hyn = (n(Qg, hyy + (A*g, Xehyy + (Xeg, A"h)y) dt
+ (VX dWe/ Qg Y + (v Q dWi VX g, hy iy
(Wisso)

Moreover, this process is unique in law.
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Existence
Let Y: [0,00) x Q — L(R", H) satisfy Yy Yy = Xp and

t
Y, =Yy + / (=94 /Q d W,
0

where W is an Ly(R", H)-cylindrical Brownian motion. Then there
exists an Lo(H)-cylindrical motion W such that

X =YY"
satisfies Vg, h € D(A),Vt > 0:

d(Xeg, hyn = (n(Qg, ) + (A*g, Xeh)y + (Xeg, A*h) ) dit
+ (VX dWe/ Qg i + (V@ dWi VX g, hy .
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Remark regarding existence
Let o y
W) = We;, ic {1,...,n},

where ¢; is the it" unit vector in R”

(recall: W is an Lz(]R,,, H)-cylindrical Brownian motion).
Note: W ... W(" are independent H-cylindrical Brownian
motions.
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Remark regarding existence

Let o y
WO = We;, ie{l,...,n},

where ¢; is the it" unit vector in R”
(recall: W is an Lz(]R,,, H)-cylindrical Brownian motion).

Note: W ... W(" are independent H-cylindrical Brownian
motions.

Let YU, ... Y("):[0,00) x Q — H satisfy

] t .
Yt(l) = etAYoe; -I-/ e(t_S)A\/adWs('), t>0.
0
Then N
Xe=> vPav? t>o0
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Uniqueness in law.

Suppose (Xt)t>o satisfies (Wisy). Fix t >0, u € ST(H),
v € S(H). By applying It6's formula to

d(s, Xs) = exp (— tr(y(t — s, u— iv)Xs) — n/otis tr(y(r,u — iv)Q)dr)

where ¢: [0, t] x L(Hc) — L(Hc) is an unknown function, we
obtain that if ¢ satisfies (Ricc) below then

E(e_ tr((u—iV)Xt)) = exp(— tl’(@b(t7 u— iV)X()) = gf)(t =5, = IV))

15/22



Uniqueness in law.

Suppose (Xt)t>o satisfies (Wisy). Fix t >0, u € ST(H),
v € S(H). By applying It6's formula to

d(s, Xs) = exp (— tr(y(t — s, u— iv)Xs) — n/otis tr(y(r,u — iv)Q)dr)

where ¢: [0, t] x L(Hc) — L(Hc) is an unknown function, we
obtain that if ¢ satisfies (Ricc) below then

E(e_ tr((u—iV)Xt)) = exp(— tl’(@b(t7 u— iV)X()) = gf)(t =5, = IV))

D(t,u—iv) = APt u — iv) + P(t, u— iv)A
{ — 3@t u— i)+ (tu— V) Q(t,u— iv) + ¢ (t,u—iv)), teo,
(0, u—iv) =u—iv.
(Rice)
]

00);
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Remarks Laplace transform

» As X is a analytically weak solution and (Ricc) typically does
not allow for a strong solution some nasty approximation
arguments are needed.
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» We obtain an expression for E(e~ "(4=")X)) in each of the
following situations

» ue ST(H), v=0
» u=0,veSt(H)or—veSH(H),
» uec ST(H) and v € S(H) sufficiently small.
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Remarks Laplace transform

» As X is a analytically weak solution and (Ricc) typically does
not allow for a strong solution some nasty approximation
arguments are needed.

» We obtain an expression for E(e~ "(4=")X)) in each of the
following situations

» ue ST(H), v=0
» u=0,veSt(H)or—veSH(H),
» u e ST(H) and v € S(H) sufficiently small.

> We can replace n € N by a € R.

» Concrete example: for u € ST(H) we get

Elexp(— tr(uXe) | xo]
= det(lh +2Q:.u) "2 exp (— tr (etA* Vu(ly +2Q:) " uetAxo)) ,

with Qeu = V/u [ e Qe ds\/u.
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Theorem (C., Cuchiero, Khedher (2023))

Assume

» A: D(A) C H — H generator of a Cy-semigroup (e**);>o and

et is injective for some t > 0,

» Q € ST(H) is injective and fot Qe[ (k) ds < oo for all
t>0,

> acR,

» W is an Ly(H)-cylindrical Brownian motion W,

> X:[0,00) x Q — S;"(H) such that Vg, h € D(A*),Vt > 0:

d<th7 > (n<Qg7 h>H + <A*g7Xth>H -+ <thaA*h>H) dt

+ (VX dWie/Qg, hy i + (V Q dW; VX g, hY 1.
(Wiss)
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Theorem (C., Cuchiero, Khedher (2023))

Assume

» A: D(A) C H — H generator of a Cy-semigroup (e**);>o and

et is injective for some t > 0,

» Q € ST(H) is injective and fot Qe[ (k) ds < oo for all
t>0,

> acR,

» W is an Ly(H)-cylindrical Brownian motion W,

> X:[0,00) x Q — S;"(H) such that Vg, h € D(A*),Vt > 0:

d<th7 > (n<Qg7 h>H + <A*g7Xth>H + <thaA*h>H) dt
+ (VX dWe/ Qg hyi + (V QAW VX g, h) .
(Wiss)
Then oo € N and rank(Xo) < a. Moreover, rank(X;) = « a.s. for
almost all t > 0.
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Proof.

Graczyk, Malecki, and Mayerhofer (2018), Letac and Massam
(2018), and Mayerhofer (2019) provide a characterization of finite
dimensional Wishart processes via its Laplace transform.
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Proof.

Graczyk, Malecki, and Mayerhofer (2018), Letac and Massam
(2018), and Mayerhofer (2019) provide a characterization of finite
dimensional Wishart processes via its Laplace transform.

This ensures o € N.

To see that rank(X;) = « a.s. for almost all t > 0 we adapt the
proof of CFMT (2012) (this requires an extremely technical
approximation result). OJ
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Conclusions

» Infinite-dimensional Wishart processes exist,
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Some advertisement: a pure jump model

A tractable covariance model that can be of infinite rank:
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A tractable covariance model that can be of infinite rank:
C., Karbach, and Khedher (2022) establish existence of a process
X: [0,00) x Q — S5 (H) satisfying

dX; = (b+ BX;) dt + dJ,

where
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Some advertisement: a pure jump model

A tractable covariance model that can be of infinite rank:
C., Karbach, and Khedher (2022) establish existence of a process
X: [0,00) x Q — S5 (H) satisfying

dX; = (b+ BX;) dt + dJ,

where
> be ST(H);
> B < L(L*(H));
» JX a pure jump process whose compensator v is an affine
function of X; i.e., v(x,d&) = m(d€) + <%,x), with
m: B(ST(H)) — [0,00] and p: B(ST(H)) — ST(H),

provided b, B, m, and p satisfy some admissibility conditions.
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Open questions and outlook

» Work in progress: equations for the eigenvalues and -vectors
of infinite-dimensional Wishart processes (global existence?).
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Open questions and outlook

» Work in progress: equations for the eigenvalues and -vectors
of infinite-dimensional Wishart processes (global existence?).

» Are there Wishart processes that are not of finite rank? (e.g.

if Q is not injective)?
» Are there other ‘nice’ (tractable) stochastic processes taking
values in S;"(H) (preferably not of finite rank)?

21/22



References

» Cox, S., Cuchiero, C., and Khedher, A.: Infinite-dimensional
Wishart processes. arXiv 2304.03490.

» Cox, S., Karbach, S., and Khedher, A.: Affine pure-jump
processes on positive Hilbert-Schmidt operators. Stoch.
Process. Appl. (2022)

» Cox, S., Karbach, S., and Khedher, A.: An infinite-dimensional
affine stochastic volatility model. Math. Fin. (2022)

22/22



