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Definition

@ Consider a Markov chain (X;,i > 0) with state-space F
@ Xg is deterministic

@ Letf : F — R be a measurable function on F

@ Assume that E ((f(X;))?) < oo fori > 0.
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Definition

@ Consider a Markov chain (X;,i > 0) with state-space F
@ Xg is deterministic

@ Letf : F — R be a measurable function on F

@ Assume that E ((f(X;))?) < oo fori > 0.

@ For k > 1, define the time-average estimator

1 k—1
fic += k—b(k).Z

f(Xi)
i=b(k)

@ b(k) is a burn-in period with 0 < b(k) < k/2
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Applications of time-average estimators

@ f, estimates the limit x of E(f(Xm)) as m — oo, when it
exists

@ f is usually biased: E (fy) # u

Time-average estimators have been used in
@ sampling from a posterior distribution (Tierney 1994)

@ computing the volume of a convex body (Cousins and
Vempala 2016)

@ estimating the steady-state metrics of time-dependent
gueues (Whitt and You 2019)
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Long runs versus short runs

(Whitt 1991) finds that

@ One long time-average estimator is more efficient than
several independent replications of short time-average
estimators

@ If the simulation length is large enough to obtain
reasonable estimates of y, then several independent
replications are almost as efficient as one longer run
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Confidence intervals

@ Because of the bias and since the f(X;)’s are usually
correlated, calculating confidence intervals from
time-average estimators is challenging
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Confidence intervals

@ Because of the bias and since the f(X;)’s are usually
correlated, calculating confidence intervals from
time-average estimators is challenging

@ The method of batch means divides fy into several
consecutive batches

@ It calculates an asymptotic confidence interval from the
averages over each batch

@ The quality of this confidence interval depends on the
extent to which these averages are i.i.d. and
Gaussian (Asmussen and Glynn 2007, p. 110)
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Bias and mixing time

@ The bias of fy is related to the mixing time

@ Explicit convergence rates to the steady-state distribution
have been established for many Markov chains (Diaconis
and Stroock 1991, Sinclair 1992, Cousins and
Vempala 2016, Kahalé 2019, Barkhagen, Chau, Moulines,
Rasonyi, Sabanis and Zhang 2021)

@ The mixing time of other Markov chains arising in practice
is not formally known (Diaconis 2009)
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Overview of results

@ Under suitable conditions, we first construct a Randomized
Multilevel Monte Carlo (RMLMC) unbiased estimator Z, of
the bias

@ Thatis, E(Zy) = u — E(fk)
@ Combining Z, with f, yields an unbiased estimator fi of 7
@ Thatis, E(fy) = 1
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Properties of estimators

o E(Zkz) < 00

° E(sz) < o0

@ Zy can be simulated in finite expected time

@ fi can be simulated in finite expected time T
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Properties of estimators

E(Z?) < oo

E(sz) < o0

Z can be simulated in finite expected time

f can be simulated in finite expected time Ty
Under certain assumptions, for sufficiently large k

T Variancéf, ) < (1 + €)kVariancéfy)

@ Under suitable conditions, fk can be constructed without
any precomputations

@ In our numerical experiments, fy is about twice as efficient
as fi for large values of k
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Relation with (Glynn and Rhee 2014)

@ Our construction is based on

@ a coupling assumption and a time-reversal transformation
inspired from (Glynn and Rhee 2014)
o A RMLMC estimator introduced by (Rhee and Glynn 2015)
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Relation with (Glynn and Rhee 2014)

@ Our construction is based on
@ a coupling assumption and a time-reversal transformation
inspired from (Glynn and Rhee 2014)
o A RMLMC estimator introduced by (Rhee and Glynn 2015)
@ Assuming that f is Lipschitz and that X is ‘contractive on
average’, (Glynn and Rhee 2014) construct
square-integrable unbiased RMLMC estimators for the
steady-state expectation of Markov chain functionals
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Relation with (Glynn and Rhee 2014)

@ Our construction is based on
@ a coupling assumption and a time-reversal transformation
inspired from (Glynn and Rhee 2014)
o A RMLMC estimator introduced by (Rhee and Glynn 2015)
@ Assuming that f is Lipschitz and that X is ‘contractive on
average’, (Glynn and Rhee 2014) construct
square-integrable unbiased RMLMC estimators for the
steady-state expectation of Markov chain functionals

@ Their method is not based on time-averaging

@ Our approach does not require f to be Lipschitz or X to be
contractive on average
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Relation with (Jacob, OLeary and Atchadé 2020)

@ (Jacob, OLeary and Atchadé 2020) study unbiased Markov
Chain Monte Carlo methods that use time-averaging

@ They use the exact coupling of two Markov chains together
with a telescopic sum argument of (Glynn and Rhee 2014)

@ In contrast, our approach uses approximate coupling
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Convergence properties

Notation

@ Assume that there are i.i.d. random variables U;, i > 0,
and a measurable function g such that

Xir1 = 9(Xi, Vi)
@ Thus, there is a measurable function G; with
X = Gj(Xo; Uo, - - -, Uj_1)

@ Extend (U;, i > 0)to (U, i € Z) and assume it is i.i.d.
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Convergence properties

Notation

@ Assume that there are i.i.d. random variables U;, i > 0,
and a measurable function g such that

Xir1 = 9(Xi, Vi)
@ Thus, there is a measurable function G; with
X = Gj(Xo; Uo, - - -, Uj_1)

@ Extend (U;, i > 0)to (U, i € Z) and assume it is i.i.d.
@ Fori,me Z withm <, let

Xm:i = Gi—m(XOi Uma Um+17 ) Ui—l)

@ Xgi=Xfori >0
@ Fori,m e Z withm < i, we have Xn.; ~ Xi_m
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Convergence properties

Example: Autoregressive sequence

@ Xp=0
@ Fori>0
Xit1 = v/nXi + Ui
°nel0,1)
@ U;,i > 0, arei.i.d. with E(U;) = 0 and VariancdU;) = 1
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Convergence properties

Autoregressive sequence, n = 0.97,m = —100
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Convergence properties

Main Assumption

@ (Xm.,1 > m) is a Markov chain that is a copy of (X;,i > 0),
and is driven by (U;,i > m), for any given m € Z

@ Form < 0 < i, the last i random variables driving the
calculation of X; and X, i.e., Ug, ..., Uj_1, are the same
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Convergence properties

Main Assumption

@ (Xm.,1 > m) is a Markov chain that is a copy of (X;,i > 0),
and is driven by (U;,i > m), for any given m € Z

@ Form < 0 < i, the last i random variables driving the
calculation of X; and X, i.e., Ug, ..., Uj_1, are the same

@ Assumption 1 (Al). There is a positive decreasing
sequence (v(i),i > 0) such that

> <

and, forany i,m € Zwithm <0 <1,

E((f(Xm:i) — F(X0))?) < v(i).
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Convergence properties

Autoregressive sequence Revisited

@ When f(x) = x, Assumption Al holds with

fori >0
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The coupling assumption

Convergence properties of fy

Forj > 0, set

Theorem

]
I 8

Under Assumption A1, E(f(X;)) has a finite limit x as h — oo.

rork=9 #((b(k)/2])
SRR UL

and y—
E((h — 1) < g
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Construction of fy

Assumptions

@ Let (Y),1 > 0) with E(Y?) < oo
@ Assume that E(Y|) — py as| — oo
@ Intuitively, assume that Y, ~ Y|, for 0 <1 < I’ and large |

@ Let (p;,| > 0) be a probability distribution such that p; > 0
forl >0
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Construction of fy

@ Let N € N be a random variable independent of (Y|,| > 0)
such that Pr(N =1)=p, forl >0

Theorem ((Rhee and Glynn 2015))

SetZ = (YN = YN—1)/pN1 withY_q :=0. If

< 0

o E((Y1 —Yi-1)?)
2

I—0 '

then E(Z) = uy, and

E(z2) iE YI 1)).

1=0

>
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The single-term estimator

Construction and properties of fy

@ Fork >1andl| >0, let
1 k-1
fi) == k——b(k)z f(ka(Z'fl):i)
i=b(k)

@ In particular, fy o = fi
9 As X_g2i—1)i ~ Xiyk(2—1), Theorem 1 implies that

lim E(ficr) = 1
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The single-term estimator

Construction and properties of fy

@ Fork >1andl| >0, let

1 k—1
fo = —— F(X_ (a1
) k — b(k) I:bz(k) ( k(2 l).l)

@ In particular, fy o = fi
9 As X_g2i—1)i ~ Xiyk(2—1), Theorem 1 implies that

lim E(ficr) = 1

@ For0 <I < I’ thelasti+ k(2' — 1) copies of Uy used to
calculate X (o) and X_, ,r_yy; are the same
@ Intuitively speaking, fi |/ ~ fi | for large |
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The single-term estimator

Construction of Zy

@ Forl > 2, set

@ Let

pr=(1-)_pi)/3and po=2p;
1=2
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The single-term estimator

Construction of Zy

@ Forl > 2, set
p(k272) — p(k2'71)
2'7(k) ’

P =

@ Let

pr=(1-)_pi)/3and po=2p;
1=2

@ Let N € Nis a random variable independent of (U;,i € Z)
with Pr(N =1) =p, forl >0
@ Fork > 1, let
RN —fen
PN
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The single-term estimator

Properties of Z,

@ Let Ty be the expected time required to simulate Z,

Suppose that Al holds. For k > 1, we have E(fx + Zx) = u,
Tk <9k, and

KE (2¢) < 20(7([b(k)/2]))?
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The single-term estimator

Construction and properties of fi

@ Let Q ~ Bernoulli(q) independent of (fi, Z,) with

q= v([b(k)/2])
7(0)
@ Let Z; be a copy of Zy independent of fy
@ Set
fi :=fc +971Qz;

Nabil Kahalé



The single-term estimator

Construction and properties of fi

@ Let Q ~ Bernoulli(q) independent of (fi, Z,) with
q = AbK)/2])

7(0)
@ Let Z; be a copy of Zy independent of fy
@ Set )
fe .= fc + 9 1QZ;
Theorem

Suppose Al holds and k > 1. Then E(f2) < oo and E () = p.
Furthermore Ty < k -+ 9gk, and

Ty Variancéf, ) < kVariancéf,) + 8610(7(0))%q
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Gl/G/1 queue
High-dimensional Gaussian vectors

GARCH volatility model

@ The daily volatility o; satisfies, fori > 0,
O'i+12 =W + anZUiz + ,80]2

@ W, « and (3 are positive constants with o + § < 1
@ U; ~N(0,1) are i.i.d.

@ Given og > 0 and z € R, we want to estimate
lim; o Pr(c? > )
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Gl/G/1 queue
High-dimensional Gaussian vectors

GARCH volatility model

@ The daily volatility o; satisfies, fori > 0,
O'i+12 =W + anZUiz + ,80]2

@ W, « and (3 are positive constants with o + § < 1

@ U; ~N(0,1) are i.i.d.

@ Given og > 0 and z € R, we want to estimate
lim; o Pr(c? > )

QX = O'iz

@ f(lu)=1{u>z}forueR

@ Assumption A1 holds with (i) = c(a + 3)"/2 for some
constant ¢
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GARCH volatility model

High-dimensional Gaussian vectors

Gl /G/1 queue

@ Forn >0, let Ay, Vi and X, be the arrival time, service
time and waiting time of customer n

@ The waiting times satisfy the Lindley recursion
Xiy1 = max(0, X + U;),

where U; .=V, — A1 + A
@ We want to estimate lim;_,, E(X;)
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GARCH volatility model

High-dimensional Gaussian vectors

Gl /G/1 queue

@ Forn >0, let Ay, Vi and X, be the arrival time, service
time and waiting time of customer n

@ The waiting times satisfy the Lindley recursion
Xiy1 = max(0, X + U;),

where U; .=V, — A1 + A
@ We want to estimate lim;_,, E(X;)
@ f is the identity function

@ Under suitable conditions, Assumption Al holds with
v(i) = ~n' fori > 0, where v and n < 1 are constants
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GARCH volatility model
Gl/G/1 queue

High-dimensional Gaussian vectors

@ Let > be ad x d positive definite matrix with diagonal
entries equal to 1
@ (Kahalé 2019) approximately simulates X ~ N(0, X)
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GARCH volatility model
Gl/G/1 queue

High-dimensional Gaussian vectors

@ Let > be ad x d positive definite matrix with diagonal
entries equal to 1

@ (Kahalé 2019) approximately simulates X ~ N(0, X)

@ Letj be a random integer uniformly distributed in {1,...,d}

@ Let e € RY be the vector whose j-th coordinate is 1 and
remaining coordinates are 0O

@ Let (e,i > 0) be i.i.d. copies of e

@ Let (g;,i > 0) bei.i.d. with g; ~ N(0,1)

@ Set Xg=0and, fori > 0, let

Xiy1 = Xi + (9 — &' Xi)(Zey)
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GARCH volatility model
Gl/G/1 queue

High-dimensional Gaussian vectors

Let > be ad x d positive definite matrix with diagonal
entries equal to 1

(Kahalé 2019) approximately simulates X ~ N(0, ¥)

Let j be a random integer uniformly distributed in {1,...,d}
Let e € RY be the vector whose j-th coordinate is 1 and
remaining coordinates are 0O

Let (ej,i > 0) be i.i.d. copies of e

Let (gj,i > 0) be i.i.d. with gj ~ N(0, 1)

Set Xo = 0 and, fori > 0, let

Xiy1 = Xi + (9 — &' Xi)(Zey)

For suitable functions f, Assumption Al holds
w=E(f(X)), with X ~ N(0, %)
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GARCH volatility model
M /Hy /1 queue

Gl/G/1 queue

Bias versus standard deviation

GARCH M /Hy /1 queue Gl/G/1 queue
100 : 1 T T
— oo, 10 4o b
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Figure: Absolute bias and standard deviation of time-average
estimators with 108 independent replications and burn-in period
b(k) = |k/10].
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Bias versus standard deviation

M /Hy /1 queue
Gl/G/1 queue

Performance of f, in GARCH volatility model

Table: Estimation of lim;_, o, Pr(ai2 > z) in a GARCH volatility model
with b(k) = |k/10], a = 0.05, 3 = 0.92, 092 = 2 x 107,
w=12x10%andz =4 x 107°5.

k burn-in Method I Std RMSE Cost Cost x MSE
50 5 LR 0.1126 1.8x10°1 34x10-1 500 x 10T 5.8
ULR 0.398 + 0.003 1.4 x 10° 1.4 x 100 1.02 x 102 200

SULR 0.400 =+ 0.002 12x107% 12x107%  1.01 x 108 140

200 20 LR 0.3319 21x107Y  22x107!  2.00 x 10? 9.5
ULR 0.3991 =+ 0.0008 42x1071  42x1071  4.03 x 102 71

SULR 0.3993 + 0.0007 3.8x107% 3.8x10"* 3.9 x 10° 58

800 80 LR 0.3969 12x1071  12x107!  8.00 x 10? 11
ULR 0.3996 + 0.0002 12x107Y  12x107! 159 x 10° 23

SULR 0.3996 + 0.0002 12x107% 1.2x107% 159 x 10° 23

3200 320 LR 0.39963 6.1x1072 6.1x10"2  3.20 x 10° 12
ULR 0.39970 £0.0001 6.1 x 102 6.1 x 102  6.34 x 10° 23

SULR 0.39963 +£0.0001 6.1 x10~> 6.1 x10~°  6.28 x 10° 23
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Bias versus standard deviation
GARCH volatility model

Gl/G/1 queue

Performance of f, in a M /H, /1 queue

Table: Estimation of E(X;) in an M /Hy /1 queue with b(k) = |k/10],
Poisson arrivals at rate A = 0.75, service time distribution
Pr(V, > z) = pe=2** + (1 — p)e—2(1=P)2 for z > 0, where p = 0.8875

k burn-in Method © Std RMSE Cost Cost x MSE
50 5 LR 4.35 4.9 x 10° 5.9 x 10° 5.00 x 10T 1.7 x 10°
ULR 7.53 4+ 0.07 3.8 x 10* 3.8 x 10t 1.00 x 102 1.5 x 10°

SULR 7.53 + 0.07 3.8x 1072 38x1072  9.87 x 107 1.4 x 10°

200 20 LR 6.547 5.8 x 10° 5.8 x 10° 2.00 x 102 6.8 x 10°
ULR 7.51 4 0.03 1.7 x 10t 1.7 x 10t 4.00 x 102 1.1 x 10°

SULR 7.50 4+ 0.03 1.6 x 1072 1.6 x 102  4.00 x 10° 1.1 x 10°

800 80 LR 7.412 4.2 x 10° 4.2 x 10° 8.00 x 10? 1.4 x 10*
ULR 7.503 + 0.01 5.3 x 10° 5.3 x 10° 1.59 x 108 4.4 x 10*

SULR 7.516 + 0.01 54x107% 54x10%  1.60 x 10° 4.7 x 10*

3200 320 LR 7.512 2.3 x 10° 2.3 x 10° 3.20 x 10° 1.6 x 10*
ULR 7.5114+0.004 2.3 x 10° 2.3 x 10° 6.29 x 10° 3.2 x 10%

SULR 7.5134+0.004 23x10"% 23x10~% 6.70 x 10° 3.4 x 10%
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Bias versus standard deviation
GARCH volatility model
M /Hy /1 queue

Performance of f in a GI /G /1 queue

Table: Estimation of lim;_, ., Pr(X;j > 1) in a GI/G/1 queue with
b(k) = |k/10], interarrival time D, and service time V, distributions
Pr(Dh>2z)=(1+2z) "and Pr(V, >z)=(1+2/0.8)""forz >0

k burn-in Method © Std RMSE Cost Cost x MSE
50 5 LR 0.2004 24x10~Y 27x10-T 5.00x 10! 3.8
ULR 0.33 + 0.002 1.2 x 10° 1.2 x 10° 1.00 x 10° 135

SULR 0.334 + 0.002 11x 1073 1.1x1073  1.00 x 108 131

200 20 LR 0.302 20x107t  21x10"!  2.00 x 10? 8.4
ULR 0.3327 + 0.0008 40x10"Y  40x107'  3.93x 102 64

SULR 0.3323 + 0.0008 40x10"% 40x107% 397 x 108 63

800 80 LR 0.3298 12x107Y  12x107!  8.00 x 10° 12
ULR 0.3321 + 0.0003 1.3x1071  13x107!  1.64 x 10° 29

SULR 0.3321 + 0.0003 1.3x107% 1.3x107%  1.63 x 10° 28

3200 320 LR 0.33222 6.3x1072 6.3x10°2  3.20 x 10° 13
ULR 0.33221 +£0.0001 6.3 x 1072 6.3 x 102  6.35 x 10° 25

SULR 0.33224 +£0.0001 6.3 x 10> 6.3 x10° 6.33 x 10° 25
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Conclusion (1)

@ Under a coupling assumption, we have established bounds
on the bias and mean square error of fy

@ We have built an unbiased estimator Z, for the bias of fy
@ Combining Z, with f, yields an unbiased estimator fi of 7

@ 7, and f, are square-integrable with have finite expected
running time
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Conclusion (Il)

@ For a suitable choice of parameters, fi is asymptotically at
least as efficient as fy

@ Under certain conditions, Z, and ﬂ( can be built without any
precomputations

@ In several examples our approach is provably efficient

@ Numerical experiments are consistent with theoretical
findings
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