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Generative Modeling

s Formulation: Given samples (x;)Y_; from distribution 7, generate new

samples distributed approximately from 7.

m Very active area since 2010’s: VAEs (Kingma & Welling, 2014), GANs
(Goodfellow et al., 2014), Autogressive models (van den Oord et al., 2016).

m Numerous applications, e.g. data augmentation for downstream tasks (e.g.
videos for self-driving cars), high-resolution nowcasting, data-driven priors

for inverse problems/Bayesian inference.

Context Deep Generative Nowcast
Past 20mins Model of Rain Next 90mins

From Ho et al., NeurIPS 2020 from Ravuri et al. (2021)
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Generative Models
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Introduction: Noising Mechanism

—— Stochastic process

Bimodal distribution progressively diffused to Gaussian distribution

Song et al. ‘Score-Based Generative Modeling through Stochastic Differential Equations’ (2021) b"



Public

Introduction: Denoising Mechanism

—— Reverse stochastic process

Song et al. ‘Score-Based Generative Modeling through Stochastic Differential Equations’ (2021) b"



Discrete-Time

po(xt—llxt)
Gy o ()
e Pr=sns
Q(Xt|xt—1)

Sohl-Dickstein et al. 'Deep Unsupervised Learning using Nonequilibrium Thermodynamics’, ICML 2015

m Noising process

K—1
q(xox) = @o(x) [  aCeerrx)
data dist N (xk4-135vV1—Bxi, BI)

so q(xk|x0) = N (xk; /akx0, (1 — ax)I) with ax = (1 — B)* (Ho et al., 2020).

m Denoising process via Ancestral Sampling

) = ) 1j el

~Gaussian
where Bayes’ rule yields

intractable

i ka;k) ) @

=~ X | X
6Ik+1(xk+1) Pe( kl k+1)

q(xx|xky1) = q(xkr1|xx)



Discrete-Time
m Backward transition
q(xx|%k11) = q(xet1|%c) exp[V 1og g (xe1)" (% — Xk11)] (Taylor)

1
~ N(xk; =5 (xk+1 + ﬂy lf)% gk:(:lkHD ; BI)

m Denoising Score matching (Vincent (2011)) s

—
Var Elx|xe] —xx

L — o

Vlog qi(xx) = Egx|x) [V log q(xk|x0)] =

so Vlog gr(-) =~ sg=(k, ) for

L(6) = Z Ak g (x0,x,) (|50 (k, xx) — V log q(xk|x0)||°]
k
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Discrete-Time

Noising mechanism: we have for e ~ N (0,1)

Xk — /KXo + V1 — ope, SO Vlog q(xk|x0) — —

€

\/l—Oék.

Noise parameterization of score estimate

so(k, xx) = —

eo(k, xx) _ _Eg(k, Varxo + /1 — age)
V1 — o A — Gy '

Simple loss (Ho et al., 2020)

L) =3 Eqgocmnvon llleo (k, v/arxo + T — ax €) — €| ).
k

Generative model: sample xx ~ N (0,I) thenfork =K —1,...,0

X —

1

V1—p

(341 + Bso- (k+1,%c11)) + VB e

~N(0,I)
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From Discrete to Continuous Time
m Noising: consider the diffusion (x:):cpo,1
dx; = —yxdt + /2vdwi, % ~ qo.
Discretized process (xs)r—, for T = K¢ satisfies for 85 = 1 — exp(—27J)
X(k+1)s = V1 — Bs xxs + \/,3_6 €ks, Xo ~ qo-
m Denoising: time-reversal of (x;):c[o,7] Verifies (Anderson, 1982)
dx; = —y(x: + 2V log q:(x:))dt + \/2ydw:, xr ~ gr.

Discretized process (xxs)r—, satisfies approximately

1

Xks = (Xk+1)s + BsV log qrs (X(k+1)5)) + \/ Bs€ks, xr ~ qr.

1— D5
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From Discrete To Continuous-Time

Forward SDE (data — noise)
x(0) dx = f(x,t)dt + g(t)dw

score function

dx = [£(x,1) — g* (t)Vx log p: (x)] dt + g(t)dw

Reverse SDE (noise — data)

Song et al. 'Score-Based Generative Modeling through Stochastic Differential Equations’ ICLR 2021

O
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Learning the Score

m Time-reversal:

dxt = —’Y(xt + 2V log qt(xt))dt = \/ 2’Yd‘\7\7t, XT ~ gt

induces path measure Q.

m Approximate time-reversal:
dx; = —v(x: + 2se(t, x¢))dt + /2vdw:, xr ~ N(0,I)

induces path measure Pg.

m Learning the score: Minimizing KL(Q||Pe) w.r.t. 0 is equivalent to
minimizing

78
£0) = [ B st x) = Viog ao(ulx)Plar O
0



Theoretical Results
Convergence of diffusion models (De Bortoli et al., 2021)
= Assume there exists M > 0 such that for any ¢ € [0, T] and x € R?
lIse= (£, x) — Viog pi(x)|| < M,

with sg« € C([0, T] x R% R%) and regularity conditions on the density of 7
w.r.t. the Lebesgue measure and its gradients.

= Then there exist B, C,D > 0 s.t. for any N € N and {v«};—, the following
hold:

|1 £(Yn) — 7||tv < Bexp[—T] + C(M + ~*/?) exp[DT] .

where T = N~y.

m A few remarks:

» The assumption on 7 is not satisfied if = defined on a manifold of R9
with dimension p < d, see De Bortoli (2022)

The approximation assumption is strong and could be relaxed.

The term exp[DT] can be improved to a polynomial dependency.
Extension & Improvements Lee et al. (2022); Chen et al. (2022, 2023).

Yyvy
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Benefits of Continuous-Time

m Sophisticated numerical integrators, predictor-corrector schemes.

m Deterministic sampling & Likelihood (Song et al., 2021):
Probability flow ODE

dxt = \—'y(xt +V ].Og qt(xt)zdt7 Xo ™~ qo
f(tx0)

s.t. Law(x;) = g; so deterministic generation and likelihood
computation possible.

m Approximate Likelihood computation

log qo(x0) = log qr(x1) + /0 V - f(t, x;)dt. @
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Bayesian Inference

m Posterior distribution

Po(x0) qo(xo0) p(y[xo)
——" ——
can be sampled using DDM likelihood

m DDMs Sampling uses V log p;(x;) for p;(x:) = [ po(x0)qrjo (5| x0)dxo.

m Amortization The identity

V log p:(x:) = / V log g0 (x:|x0) p(x0|x:, y)dxo
shows that V log p;(x;) = s¢=~ (¢, x:, y) for 6* minimizing
L(0) = Ex,y,x (50 (2, %, ¥) — V 10g gsj0 (x| x0) ||*]
m Guidance: Alternatively, we can use
V log pi(x:) = Vlog q:(x:) + V log p:(y|x:) @

for p:(y|x:) = J p(¥]x0) qoj: (30| x:) dxo.
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Image Super-Resolution

m Posterior samples for CelebA super-resolution task with noise for
N = 20 (d = 116, 412). From left to right: ground thruth, y°Ps, eight
posterior samples and their mean.

o

Y. Shi, V. De Bortoli, G. Deligiannidis & A.D., UAI 2022
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Text-to-Image: The power of classifier-free guidance
A cozy living room with a painting of a corgi on the wall |[...]

Nichol et al. ‘GLIDE: Towards Photorealistic Image Generation and Editing with Text-Guided Diffusion Models’ (2021) G
https://benanne.github.io/2022/05/26/guidance.html b



Extensions Beyond R?

# Riemmanian manifolds (De Bortoli et al., 2022; Huang et al., 2022): ‘_,) ie«'“
applications to protein backbone generation (Watson et al., 2022) and Sodtets BomcomBvati.* oot e iory 1 4P
joint grasp and motion optimization (Urain et al., 2022). I e 7

m Discrete state-space (Campbell et al., 2022): allows to exploit fast -§°-35 —t—
samplers from chemical physics. %Zzz —

m Simplex (Benton et al., 2022; Richemond et al., 2022): appplication to 0% 0.008 0:016, 0:052 08953 0320

compositional data.

m Function spaces (Dutordoir et al., 2022; Kerrigan et al., 2022)

(a) GP Regression (b) Attentive Latent NP (c) Neural Diffusion Process (ours)

Dutortoir et al., “Neural Diffusion Processes”
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Trans-dimensional generative modeling via jump

diffusions

m Data of varying dimension: molecules with varying number of

Algorithm 1: Sampling the Generative Process

t<T
prref( )—]I{n— I}N(X 0 Id)

atoms, videos with varying number of frames; i.e. 7 lives on UjR¥, while ¢ > 0do

m Difficulties: Training k., models expensive and conditional
generation would require predicting k given observations.

m Jump Diffusion: We diffuse and kill components until one remains
and is Gaussian, time-reversal adds components.

ifu< N ¢ (X)dt with u ~ U(0, 1) then
Sample x4, i ~ A?(x*,i|X)
X « ins(X, x* 1)
end
X ¢ X— gf(X)ﬁt + gt\/Sze with € ~ N(0, I.q)
X ¢ (n,x),t «t— 6t
end

Visualization of the jump-diffusion backward generative process on molecules. b"

Cambnbell et al arXiv:-2305 1682761
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Beyond Diffusion Models: Transport using ODEs

m Diffusion models: noising “transports” g, to g7 ~ N(0, I), denoising
does the reverse.

m Limitations: What if T is not large enough? What if you want gr be
non-normal? Do we need diffusions at all?

m Interpolants (Liu et al., 2022, 2023; Lipman et al., 2023; Albergo and
Vanden-Eijnden, 2023): Let x ~ qo and x; ~ ¢; and define
xp=(1—1t)x+tx ~ qs

Liu et al., “Flow Straight and Fast”, ICLR 2023 bl

(a) Linear interpolation
Xt =tX1 + (1 —t)Xo



Beyond Diffusion Models: Transport using ODEs
m Useless Transport ODE: As x; = xy + t(x; — Xy) then the ODE
dx;
E:xl_xm Xo ~ qo, X1 ™~ q1,
has marginals (g;);c[o,1- Useless for generative modeling!
m Useful Transport ODE (Liu et al. (2023)): The ODE with drift

v(t,x) = IE‘:q(xo,xllx,:) [x1 — x|, = x]

admits the same marginals (q;):co,77!

m Learning the Drift: Learn uy«(t,-) =~ v(t,-) by minimizing

O

L(0) = Egexy,x)[lue(t, (1 — £)x0 4 tx1) — (31 — %0)|]7]
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Beyond Diffusion Models: Transport using ODEs

=Rectiﬁed Flow

s Linear
ﬁ, “wss=Interpolation
=y -

(a) Linear interpolation (b) Rectified flow Z; (c) Linear interpolation (d) Rectified flow Z;
X¢ =tX1+ (1 —t)Xo inducedby (Xp, X1) Zy=tZ1+(1—1t)Zy induced by (Zp, Z1)

Figure 2: (a) Linear interpolation of data input (X, X1) ~ 7o X m1. (b) The rectified flow Z; induced by (X, X1);
the trajectories are “rewired” at the intersection points to avoid the crossing. (c) The linear interpolation of the end
points (Z, Z1) of flow Z;. (d) The rectified flow induced from (Zj, Z;), which follows straight paths.

Liu et al., “Flow Straight and Fast”, ICLR 2023
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Diffusion Schrodinger Bridge Matching
m Schrodinger Bridge: Find

IT" = argml_}n{KL(l_ﬂQ) : 11y = qo,11; = Ch}-

where P is a Markov reference measure, i.e. Brownian.

m The SB satisfies II* = 7°Q), r for 7° a static Schrédinger bridge. For
Q Brownian, II* is entropy-regularized OT.

m Standard method is Iterative Proportional Fitting: let II° = Q then
" — arg n}}n{KL(Hﬂ_IZ”) S — ql},

[1°"1? = arg nrﬁn{KL(H|H2"+1) AFS— qo}, (o)
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Diffusion Schrodinger Bridge Matching

m Diffusion Schrodinger Bridge Matching: Alternate between
Markovian projection and reciprocal projection

Y. Shi, V. De Bortoli, A. Campbell & A.D. arXiv:2303.16852
S. Peluchetti, arXiv:2304.00917

O



High resolution

Low resolution

Diffusion Schrodinger Bridge Matching

m Application in climate science:

» Downscaling: high resolution data from low resolution ones.

» This is a super resolution task.
» No paired datasets of high and low resolutions exist.

Supersaturation

10 Supersaturation 0 r

True low res.
Random low res.

os

06 |

04

L2 of high res. and low res.

Vorticity

02 ‘ 02 F
0.0 = ~ - 0o
2

Image extracted from Bischoff and Deck (2023).
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Diffusion Schrodinger Bridge Matching

Same setting as Bischoff and Deck (2023).
Super resolution task.

Quality measure (frequency histogram).
Similarity measure (¢2 with upscaling).

Supersaturation

2 R
® =]
! L

L2 of high and low res
e ©
- =]

e
i
L

0.0 =

0.6
0.4
*
*
‘l 0.2 -
T T T
2 4 8 16

Data wavenumber

Public
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Beyond Generative Modeling: Integration & Sampling

Xo ~ Tp—————dX; = Vlogm(X,)dt + V2dB, Xr~m el
0.0
c q_;' 5 500
RS = R 475
S n Qo4 g
- © S— OU - @ 450
‘g Q £ o6 pis €
b4 73 i3 — sm 3 425
2 w o [N ground truth ]
5 = N | i N 400
© c £ .0 £
S - 8 375
£ g 12 350
100 200 300 400 500 100 200 300 400 500
Steps Steps
X~ mye—adX, = {-Viognr_(X,) +2Vloggr (X))} dt + v2dB,—— Xy~ 7
D, Grathwohl et al, “Score-based diffusion meets AlIS”, NeurlPS 2022 Vargas et al, “Denoising diffusion samplers”, ICLR 2023

Normalizing Constant: Annealed Importance Sampling is gold
standard but can be improved using score ideas (Doucet et al., 2022).

Sampling Unnormalized Targets: Target is “diffused” to Gaussian
(Vargas et al., 2023) or delta-mass (Zhang and Chen, 2022),
time-reversal/scores learned using reverse KL.

Simulation SDEs: Given dx; = f (¢, x;)dt + dw;, probability flow
ODE is dx; = (f (¢, x;) — 3V log q:(x;))dt and estimate sequentially @
score (Boffi and Vanden-Eijnden, 2022).
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Discussion

m Denoising Diffusion Models provide state-of-the-art performance

in numerous domains: image, audio, proteins etc.
m Dynamic transport alternatives are now also available.

m Available theoretical results do not explain the remarkable empirical
performance: Exact score is useless for generative modeling!

m Exciting research area at the interface of applied maths/proba,
machine learning, Monte Carlo and statistics.

O
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More convergence

m The central decomposition

||£(X0) — PdatallTv = ||Pprior RN — Pdatal|TV

prriorﬁN — prQ7||TV

||ppriorﬁN — Porior Q7| |TV + ||PTOT — Ppric: OrllTV
|| Pprior RN — Pprior Q7] |Tv + ||PdataPT — Pprior||TV>

INIA I

where

» (P:):>0 is the forward Ornstein-Ulhenbeck semi-group,

»> (Q:):i>0 is the backward Ornstein-Ulhenbeck semi-group,

> (ﬁn)ne{l,..., ~} is the iterated kernel associated with the backward
Markov chain.

m || ppriorﬁN — PpriorQ:r| |Tv: approximation error — Girsanov theorem. @

B ||PdataPT — Pprior||Tv: geometric ergodicity of Ornstein-Ulhenbeck.



