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Introduction - Optimization

Optimization problem

Let V :R? — R be C!, coercive (i.e. V(x) — +oco as |x| — o0).

Objective : find argmin(V).

e Example : Regression as an optimization problem

- {®x : x € RY} family of functions ®, : RY — R parametrized by x € R? (e.g. P
is a neural function).

—for1<i<N, (uj,v;) € RY x R : data associated to a regression problem

— We want to find x such that for all i, ®x(u;) = v;

N

1
— Find min — &, (uj) — v;)? = min V(x).
min 1y D2(@x(u) ~ ) = min V()
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Introduction - Gradient descent

e Gradient descent algorithm : compute the gradient and "go down" the gradient with
decreasing step sequence (vx):

X0 ERd

Xp+1 = Xn — ’Yn+1VV(Xn).

e The continuous version is dXs = —VV/(X;)ds.

x0 X* X0 Xk

e Problem : x, can be "trapped" !
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Introduction - Langevin Equation

e We add a white noise to x,, hoping to escape traps and explore:

Xn+1 = Xn — ’7n+1vv(Xn) +\/ '7n+1f7£n+1, 5n+1 ~ N(07 Id)~

= SGLD algorithms (Stochastic Gradient Langevin Dynamics)
e The continuous version becomes:

dXs = =V V(Xs)ds +odWs (Langevin Equation)

where (Ws) is a Brownian motion and o > 0.
e Its invariant measure is the Gibbs measure

Ve (x)dx o e—2(V)=Vv*)/o? 4

e For small o, v, is concentrated around argmin(V):
Solve the Langevin equation = approximation of v, = approximation of
argmin( V).
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Introduction - Simulated Annealing algorithms

e Another possibility : make o — 0 while iterating the algorithm :

Xp+1 = Xn — '7n+1vv(xn) + 3(71 + - /n+1)‘7\/ Ynr1€nv1,  Ent1~ N(07 ’d)7

where a(t) is decreasing and a(t) " 0.
—

The continuous version becomes :

Langevin-Simulated Annealing Equation

dX: = =V V(Xi)dt + a(t)odWs,

o The 'instantaneous’ invariant measure V), (dx) o< exp (—2V(x)/(a*(t)o?))
converges itself to argmin(V)

o Schedule a(t) = Alog~1/2(t) then X; =2 argmin(V) in law [Chiang-Hwang
o0
1987], [Miclo 1992]
o [Gelfand-Mitter 1991] proves the convergence of the algorithm (x;).
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Multiplicative noise

o Noise 0 > 0 = isotropic, homogeneous noise = not adapted to V
o Instead : o(X;) is a matrix depending on the position

o In Machine Learning literature, a good choice is o(x)o(x)T ~ (V2V(x))~! as in
the Newton algorithm.

d
dY: = —(o0 T VV)(Yo)dt + a(t)o(Ye)dW: + | &°(t) | D> di(oa ")(Ye); dt
J=a 1<i<d

correction term  T(Y})

A
/log(t)’ )

o Correction term so that v,y o exp (—2V/(x)/a?(t)) is still the "instantaneous"
invariant measure
e (Y;): the corresponding discrete scheme.

a(t) =
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Objectives and assumptions

e v*: limit measure of v, as 0 — 0.

o We use the L1-Wasserstein distance:
Wi (1, 72) = sup {/d F(x)m1(dx) — / FO)ma(dx) : F:RY SR, [Flup = 1}
R Rd

and we show that
Wi(Ye,v*) =0 and Wi (Ye,v*) — 0.

o We have
Wi(Ye,v*) < Wa(Ye, Vo)) + Wi(Va(r), v°)

The convergence is limited by the slowness of a(t) as
Wi (Va(r), V) X a(t) < log—1/2(t). In fact we also prove

Wi (Y, v, )+W1(Yt, ) < Caxot

for every a < 1.

o Assumptions:
@ V is strongly convex outside some compact set
@ o is bounded and elliptic: oo > ogly, oo > 0.
© VV is Lipschitz
Q Decreasing steps (7,) for the Euler scheme, with 3=, v, = 0o, 3,72 < oo,
Fhi=y1+-+ 7.
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Domino strategy

o Domino strategy: for f 1-Lipschitz (P, P: kernels of X, X):

Wi(RE X)) < [EF(XE) — EF(XE)
=Py 00 Py F(x) = Pr,f()|

n
Zp’u 0 0Py 0(Py, — PWk)OPI',,—rkf(X)
k=1

n
SZ|P”Y1 o---0Py O(PW*PW)OPFrka(X){v
k=1

\f -l'l

1 1
& s
© For large k = Error in small time = use bounds for || X} — X¥||,

@ For small k = Ergodicity contraction properties using the convexity of V
outside a compact set and the ellipticity of o [Wang 2020]:

A4

Vit > tg, Wi(X5, XY) < Ce Plix —y| and Wi (X5, m*) < Ce™PH(1 + |x]).

[Pagés-Panloup 2020]
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Contraction property with ellipticity parameter a

e Problems before applying the domino strategy: non-homogeneous Markov chain +
the ellipticity parameter fades away in a(t).
—> What is the dependency of the constants C and p in the ellipticity ?

Consider dX; = b(X:)dt + ac(X¢)dW;, a > 0 with invariant measure v, and with

a2
¥x,y € B0, R)%, (b(x) = b(y), x = y) + T llo(x) = o(n)I* < —alx - y[*.

Then

Wl(Xg(le%/) S CeC1/32|X = y\e’pat, Pa = 67C2/32

Wi(XZ,va) < CeC/? e=Pat Ry, — x|.

Pierre BRAS and Gilles PAGES Convergence of Langevin-Simulated Annealing algorithms



"By plateaux" process

We first consider the plateau SDE:

dX = —00 | VV(Xe)dt + anp10(Xe)dWs + a2, 1 T(Xe)dt,  t € [Ta, Thi1),
an = Alog™'/2(T,)

We apply the contraction property on every plateau:

2 _ —
Wi(XT, g Vanys [X7,) < Ce@/omae™PonaTod =g [l — X7, | |X7,]

We integrate over the law of X1, giving
Wy (X;(’,’H ana) < CeC1/ag+1 e Pans1 (Tya— Tn)Wl (X;_:, Vani1)
< Cecl/a§+1 e Pant1 (Tns2=Ta) (Wl(X‘T":f ”an) + Wl(Van» Vapi1 )) .
And we iterate:

Wl(X;:H » V3n+1) < ppnriWi(va,, Van+1) + Nn+1#nW1(Van_1 sVap) + -+
+ fnt1 - MlWl(Vao, Val) + tnt1 e M1W1(5><07Vao):

pin = CeC/a e=Pan(To=Tn—1),
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a(t)

Non plateau case
—— Plateau case

T1 T2 T3 Ta

Wi (X;:H ) V3n+1) < pnra Wi (vay,, Van+1) + Nn+1MnWI(Van_1 sVap) + o

+ Hnt1 - NlWI(Vam Va1) + pnt1 - N1W1(5><07V30)’
pin = Ce@/%e=Pan(Ta=Too1) ) o=Ca/a}

We use (technical)
Wi (va,,, Van+1) < C(an — ant1), Wi(va,, V*) < Cap.

We now choose
A

Vog(Ty)’

Tot1i — Ta=CnP, B3>0, a,= A > 0 large enough

yielding
WX |, vapia) < C(L+ ol Jnan,

where p, = O (exp(—Cn)). And
Wi(XP, V") SWAXE Vapa) + Wa(Van.a,v") < C(1+ [xo)an.

Tn+1 ’ Thta’
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Convergence of Y; with continuously decreasing (a(t))
o We apply domino strategy to bound Wi (X¢, Y:):

Tn Tn+1
| | | | | | | | | | |
I | |~ — | | | 1 | | 1
'y TnAl — T

e For f Lipschitz-continuous and fixed T > 0:

[EFOG, 1) —EF(YS, 7,7,

W(Tot+1—=Ta=T)/~]

Y Y X,n X,
< P(kfl)"/yTn © (P’YyTn+(k71)'y - P’y ) PTn-Cl*Tn*kW X)’
k=1
[(Thta—Tn)/~] X
Y Y X,n n
+ ‘P(k*I)VaTn © (P’YanJf(k*I)’Y B P'Y ) P Tas1—Ton—ky X))
k=l(Th4a—Ta—T)/v]+1

e Fork=1,...,(Tot1 — Tn — T)/~. the kernel PT A= To—ky has an exponential

contraction effect on time > T:

Y X, X,n Ga 2 - Tppa—To—k
[Py Ty k—1yy =Py ")OPT 7y F (X < Cemtoniae Pria(Toea=To=kN[f] 1 /F(an—ans1)
e Bounds for the error on time intervals no longer than T:

TV(x)

vV Tot1r — Th— ky

(PY ke =P )OPT 7 FOOL < Caly (an—ania)[Flii
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e We apply on the time interval [Ty, Tp+1] and obtain the recursive inequality

, Ca 2 -1
WIXT 1 YTaia =T, 7a) S G223 (an — ania)p, 1y V()

=:Ap+1

With x, := X;"’,, Yn Yf;‘::

X0 X0 — Xn,N Yn
Wi (XTn+1 ’ YTn-1 ) =W (XTn+1 —Tn’ YTn+1 - Tn>Tn)

< Xn,N Yn,n Yn,n Yn
=W (XTn+1—Tn’XTn+1—Tn) + Wl(XTn+1—Tn’ YTn+1_Tn7Tn)

2 —2
< Ce1ani1 e=Pn1(Tnr1—Ta) Wi (X;:, y]{g) + CeCrania (an — 3n+1)P;+11 EV( Y;:L

Hn+1

Ant1
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The convergence is controlled by
Ant1 1= CeCrona (an — an+1)p;+11
with
N A

" ioa(Tn)

T,,+1 ~ Cn5+1
_ 1
- nlog3/2(n)

C1ania ~ p(B+1)Ca/A?

an — an+1

bt = Cons o p(BH0G/ AR
— A\p =< (1= (B+1)(C1+C2)/A?)

and we choose A large enough such that
1—(B+1)(C1+ G)/A% > 0.

Then:
WI(Y;(':+17UEH+1) <WA(YPR XD )+W1(X;:+17Van+1)

Tor1’ " Toa
< CV(xp)n~ 1= (B+1(Ca+Co) /A7)

WY ") SWI(YR LX)+ Wi(XP,,v™) 5 CV(x0)an

1’7 Thia
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Convergence of the Euler scheme Y; with decreasing steps 7,

ypo

Mnya

~nt+1 decreasing to 0, Z% = oo, 273 <oo, Th="1+ -+ n
n n

= ?rn + Ynt1 <ba(rn)(?r)<,?) + <"+1(V|z<,? )) + a(ln)o( \_/IZ(:)(WrHH. - Wr,)

Vx, E[¢n(x)] =0 (mini-batch noise).

We adopt the same strategy of proof to bound Wy (X, Y).

Gonvergencalofiangavin:Simulated)Annealinglalgorithms
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e \We compare the performances of adaptive Langevin-Simulated Annealing algorithms
versus vanilla SGLD.

e We train a fully connected feedforward neural network, two hidden layers, ReLU
activation, 128 units each on the MNIST dataset.

e We choose o as a diagonal matrix which is the square root of the preconditioner.

>olw s

"7"100% (True value:7) 0123456789 "9"100% (Tuevalue:d) 012345678 "4762% (Tuevalue:9) 01234567809
"3755% (Tuevalue:3) 61234567889 "0°100% (Tuevalue:0) 0123456789 '6"100% (Tuevalue:6) 0123456789

G 3 A

"6" 100% (True value:6) 0123456789 '3"100% (Tuevalue:3) 0123456789 "2°100% (Tuevalue:2) 0123456789

Figure: MNIST dataset
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Simulations

o We compare the performances of adaptive Langevin-Simulated Annealing algorithms
versus vanilla SGLD.

e We train a fully connected feedforward neural network, two hidden layers, ReLU
activation, 128 units each on the MNIST dataset.

e We choose o as a diagonal matrix which is the square root of the preconditioner.

T T ‘ ‘ ‘
0.98 |- ——
g POrEs sl iz e S
é 0.96 |- .,;,-:-— —e— SGLD
x 000 |- I| @ L-RMSprop
3 o002| | "o LAdam
[ --M- L-Adadelta
0.9 ‘ . :
0 2 4 6 8 10
—e— SGLD ]
g @ L-RMSprop
E -4-- L-Adam
E --M-- L-Adadelta
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e In an other paper [Bras 2022], we investigate the benefits of Langevin optimizers
with their respective non-Langevin counterpats optimizers and we show that the
deeper the neural network is, the greater are the gains provided by Langevin
algorithms.

—e— RMSprop - & L-RMSprop
-+- Adam -w- L-Adam

Test accuracy Train loss

0.98
0.96
0.94

(a)

0.92
0.9

0.9

(b)

0.8

(d)

Epochs Epochs

Figure: Training of neural networks of various depths on the MNIST dataset. (a): 3 hidden
layers, (b): 20 hidden layers, (c): 30 hidden layers, (d): 40 hidden layers.
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Simulations

e In another paper [Bras-Pagés 2023], we apply Langevin algorithms to deep
stochastic control with gains.

Stochastic Optimal Control by Neural Networks

mLEn J(u) :=E {/OT G(X¢)dt + F(XT)} )

dX: = b(Xf, Ut)dt —+ O'(Xt, Ut)th, te [0, T],

J(ug)

0.8

0.6

0.5

ur = ug(t, X¢), up neural network.
: : 1 : :
—— Adam —— Adadelta
wvemeees L-Adam wevemeees L-Adadelta
0.8
:..
- 0.6 |
e S
e "~y - ""-...._
'y -
| | | | | | 0.4
20 40 20 40 60 80 100 0 20 40
Epochs

Figure: Training for the deep hedging control problem [Buehler et al. 2019] on a Heston model
with N = 30, 50, 50 discretization times.
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Thank you for your attention !
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