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Outline

The Langevin Monte Carlo algorithm / ULA and its convergence
m Introduction and motivations
m Convergence of discretization of diffusions

e et N ) epeies e



The Langevin Monte Carlo algorithm / ULA and its convergence
m Introduction and motivations

e et N ) epeies e



Bayesian setting

m Bayesian decision theory relies on computing expectations:
7(f) = / f(x)drn(x) = / f(x)m(x)dx
J R JRd

Generic problem: estimation of an integral 7(f), where

- 7 is known up to a multiplicative factor ;
- Sampling directly from 7 is not an option;

m A solution is to approximate 7(f) by n=* Y7 f(X;) where (X;);>0 is a
Markov chain associated with a Markov kernel P with invariant distribution 7.
m We assume that 7 is positive on R,

TIX— e // dy,
Rd

m U is referred to as the potential associated with 7.
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(Overdamped) Langevin diffusion

m Langevin SDE:
dY; = —VU(Y;)dt + V2dB; ,

where (B;):>0 is a d-dimensional Brownian Motion.

m Notation: (P:):>o the Markov semigroup associated to the Langevin
diffusion:

P.(x,A) =P(Y: € AlYo=x), x€eRY AcB(RY).

m 7(x) x exp(—U(x)) is the unique invariant probability measure.
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Discretized Langevin diffusion

m |dea: Sample the diffusion paths, using the Euler-Maruyama (EM) scheme:

Xiy1 = X = vV U(Xk) + /27Gpq1

where

- (Gk)k21 is i.i.d. N(Old)
- v > 0is a stepsize

m This algorithm is referred to as the Unadjusted Langevin Algorithm (ULA) in
Bayesian statistics or Langevin Monte Carlo (LMC).

m U is not necessarily convex here but still gradient Lipschitz.
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Discretized Langevin diffusion: constant stepsize

m (X)i>1 is an homogeneous Markov chain with Markov kernel R,
m Under mild conditions, R ~~ unique invariant distribution

m 7, which does not coincide with the target distribution 7

m Questions:

m For a given precision ¢ > 0, how should | choose the stepsize v > 0 and
the number of iterations n so that : d(SXR’V’, 7) < € where d is some
distance [could be the TV or the Wasserstein distance]
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Wasserstein metrics and total variation

m The set of all couplings of ¢ and &’ is denoted by MM(&,¢'). ¢ € N(&, &) if :
C(A x RY) =¢(A) and ¢(R? x A) = ¢'(A) for all A € B(RY) .

m Let £, ¢ be two probability measures on (R?, B(RY)). Define the Wasserstein
or Kantorovich-Rubinstein distance of order p by

WP(E, &) = inf / x — x'||P ¢(dxdx’) .
€)= inf o [ X c(anax)

m Let £, ¢ be two probability measures on (RY, B(R?)). Define the total
variation distance by

16=€lrv = cerilr(]gg') /Rd y ]lA[gd (x, X )¢(dxdx") ,  Agpe = {(x,x) : x € RY}
, . X R
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(Very incomplete) existing results for ULA

1. Weak errors estimates [TT90; LP03].
2. Explicit errors [Dall4; DM17].
3. These results are based on

m the comparison between the discretization and the diffusion process
m quantify how the error introduced by the discretization accumulate
throughout the algorithm.

4. In the following, we consider a different approach.
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Reminder: fixed step size ULA

m Consider (X)xen a Markov chain associated with the Euler scheme

Xir1 = Xi = YVU(Xk) + v/27Gr1 (1)

to sample from 7w oc e Y.

m Recall that R, is the Markov kernel associated with (1).

m We assume in the sequel that for any v > 0, R, has an invariant probability
distribution 7 # .

m Let f : R? — R be a test function for which we want to compute 7(f) and
consider the estimator:

Fa(F) =01 F(Xe) .
k=1
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Bias-Variance decomposition

m Consider the Mean Square error for @t,(f):
E [mn(f) - ﬂ(f)ﬂ — bias?_( —|—Var{ = Z f(Xk)}

biasp ,(f) =

_IZ{E[" Xi)] = m(f) ‘:

n—lz{uoRﬁf_ w(f)}‘ .
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Bound for the bias

m The presented works and many papers on ULA/discretization establish that
for some numerical sequence (up)nen+:

We(poR7, ™) < un(po, m,7) , for some assumptions on U ,

where for ¢ : RY x R — [0, +00), the Wasserstein metric/distance
W¢(u, v) between 1 and v by

We(n.o) = inf / b)) )

m Implies that bias, ,(f) can be estimated if f € F.
m F a class of function related to c.

m Examples:
1. We =Wy, c(x,y) = ||x — y|| and F = {f Lipschitz} ;
2. We = - ||rv, €(x,y) = 1xz, and F = {f bounded}.
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Bound on the variance term

m Consider the Mean Square error for #,(f):

E [|frn(f) — m(f)[*| = bias]_(f) + Var {n_l > f(Xk)} .

k=1

m Question: what about the variance term? Can we have also explicit bound on
this term?

m Natural answer: we need to have quantitative bound for the convergence of
R, to m,.

m The same problem appears when dealing with concentration inequalities:

P (|#a(F) — m(f)| > t) <27, t>0.
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Going back to the bias

m Recall

bias, ,(f) = [n7! Z{E[f (X)) — () ‘ -

k=1

nt> {uoREF — ﬂ(f)}‘ .

m If we can show and quantify convergence of (Xi)ken to ., we can think
about considering the decomposition

biasy () < |7 (f) — 7 (F)] +

n~ty {E[F(X)] ~ Wv(f)}|

= [m(f) = m (Al +

n! Z{uoRif - 777(7‘)}‘ .
k=1

m |t remains to bound |7(f) — 7y (f)|: see Andreas’ talk!
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Convergence of Markov processes

The study of the convergence of Markov processes is an active field.
Pioneering results from [NT78; NT82; NT83].

[Pop77; MTO92] established (f, r)-ergodicity on general state space using
Foster-Lyapunov drift conditions in combination of an appropriate
minorization condition.

Applied in numerous papers [Cha93; CT91; RP94].

Later extended to continuous-time Markov processes in [Khall; MT93]....
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Convergence of Markov processes (I1)

m Most of these results in total variation or in V-norm and are non-quantitative.

m Let &, ¢ be two probability measures on (RY, B(R?)). Define the V-norm for
VR — [1,+00) by

Je =€ = sup | [ ute =300

m Explicit convergence bounds in the same metrics for Markov chains have
been established in [Ros95; For01; DMR04; Ros02]...

m The techniques developed in these papers have not been adapted to
continuous-time Markov processes, except in [RR96].

m Deriving quantitative minorization conditions for continuous-time process
seems to be even more difficult than for their discrete counterpart.
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Wasserstein vs total variation distance

m To avoid the use of minorization conditions, Wasserstein metrics have shown
to be very interesting.

m Following [HM11], [HMS11] generalizes the Harris’ theorem for V-norms to
handle more general Wasserstein type metrics.

m Use of Wasserstein distance has been successively applied to the study of
diffusion processes and MCMC algorithms [Ebel6; Cha+18; Bak+; HSV14].

m One key idea introduced in [HMS11] and [Ebel6] is the construction of an
appropriate metric designed specifically for the Markov process under
consideration.

m We can still wonder if “good minorization conditions” can be found to derive
similar bounds using classical results cited above.

m In particular for R, v > 0 under some conditions on U.
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Preliminary observations
m Forany v >0and n €N, R’ is supposed to be an approximation of P,,.
m Recall that (P;)¢>0 is the Markov semigroup associated with
dY, = —VU(Y,)dt + V2dB, .

m So, the convergence of R, to m, should be ~ the one of (P;):> to 7.

m Using different techniques, it can be shown that for some semi-metric dist

dist(puoPs, ) < C(uo)pt, C>0,pe(0,1) .

m Therefore, it is expected that roughly

dist(poRY, 7,) < C(po)p™

m The rate of convergence should scale linearly with ~!
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Strongly convex potential: Convergence in W,

m Assume that U is m-strongly convex and L-gradient Lipschitz.

m By an easy computation, using the synchronuous coupling,

m

W3 (10Pry, ™) < Coc(p0)p3e s prc=e"",
W3(1oR0, my) < Gralpo)psy s pra=e %, w=2mL/(m+1L).
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Strongly convex potential: Convergence in total variation

m Assume that U is m-strongly convex and L-gradient Lipschitz.

m For the total variation distance, using the reflexion coupling, we obtain the
following result.

Theorem 1 (DM19)
m Forany~y>0andneN* n>2/y,

0Fny — TlTV = LTV, c\H0 T,{/c’ pTv,C:efm.
0Py = wllzy < Cov,elpio)o2Y

m Forany vy € (0,2/(m+ L)), and n € N*, n >2/~,

w

[oRS — 7 lrv < Crv.a(po)piy.g » PTV.A =€~

m We get the same convergence rate for the total variation distance and the
Wasserstein distance!
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The Langevin Monte Carlo algorithm / ULA and its convergence

m Convergence of discretization of diffusions
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Functional auto-regressive models

m In [DD19], we study the convergence in || - [Ty of a class of Markov chains.
m For any v > 0, R, belongs to this class.
m We study Markov chains (Xx)ken on RY defined by the recursion:

X1 = To(Xk) + v/27Gx1

where

m (Gk)ken- is a sequence of i.i.d. Gaussian random variable with zero
mean and covariance identity.
m {7, : v € (0,7]} is a sequence of functions from R9 to RY.

m For the Euler-Maruyama discretization, 7., < {x — x — vV U(x)}.
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Assumption on functional auto-regressive models

m Consider the assumption: for any v € (0,7] and x,y € RY,

I17,0) = LWIP < (1 +y5() lIx = yII* -

m For the EM discretization corresponds to a one-side Lipschitz condition on
VU: there exists k € R, for any x,y € R,

(VU(x) = VU(y),x —y) = kllx =y .
Indeed, it implies that

175() = T < @+ 6(7)) lIx = yII* , with K(7) = —2k + L2y .

m K measures in some sense the default of convexity of U:
m if K > 0, for v small enough, 1+ vx(y) < 1;
mif Kk <O, forany v >0, 1+~vk(y)> 1
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Minorization conditions for functional auto-regressive
models

Consider the assumption: for any v € (0,7] and x,y € RY,

17500 = LI < (1 +398(0) lIx = I -

Then explicit minorization conditions [DD19] can be found for (Xy)ken

Xir1 = To(Xk) + /Y Gt -

The constants which appear do not depend on the dimension and are sharp!

It remains to apply results developed in the litterature to obtain quantitative
bounds for (Xy)«en if a Lyapunov condition holds!

m Or for some cases not...
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Lyapunov conditions for functional auto-regressive models

m Denote by Q. the Markov kernel associated with (X )xen:

X1 = To(Xk) + /7 Gyt -

m Assume that Q. satisfies a Foster-Lyapunov condition for any v € (0,%] and
x € RY:

Q,V(x) <A\ V(x)+b,1p(x), with D cRY A, €(0,1) and b, > 0. (3)

m |t turns out that it is a really bad idea to apply as such existing results
directly to Q.

m We need to consider instead le/ﬂ.

m Therefore, we need to consider a Lyapunov-drift condition for this Markov
kernel!
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Lyapunov conditions for functional auto-regressive models

m Assume that Q. satisfies a Foster-Lyapunov condition for any -y € (0,%] and
x € RY:

Q. V(x) <\ V(x)+by1Ip(x), with D C RY A, €(0,1) and b, > 0. (4)

m If we iterate Equation (4), we end up with

QIVMV(x) <AV(x)+ b, with A € (0,1) and b > 0.

m But we do not have the indicator function anymore which lead to non-sharp
results.

m We adapt proofs of the results in [Ros92,DM17] to get sharp convergence
bounds for Q.
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Application to potential strongly convex outside a ball

m U is L-gradient Lipschitz.
m There exists m € R* such that for any x,y € RY,

(VU(x) = VU(y),x —y) > m|x—y|? . (5)
m There exist m* > 0 and R > 0 such that for any x,y € R?, |x — y|| > R,
(VU(x) = VU(y),x —y) > m" [|x — y|? . (6)

e Lot VIE e et T



Convergence of the Euler discretization

Assume HI1. Then there exist % > 0, D51, D55, E5 > 0 and A5, p5 € [0, 1) with
A5 < ps, which can be explicitly computed, such that for any v € (0,7],
x,y €RY and k € N

We(8.RY, 8,RY) < M4Ds 1¢(x, y) + Dy oleny] + Bypl Ly, (7)

where c(x,y) = Lz, (1 + || x — y|| /R).

m It is sensible to obtain two different convergence rates A5, p5 in Theorem 2.

m One characterizing the forgetting of the initial distance between the two
starting points x, y € R?, corresponding to a burn-in period.

m The other one characterizing the effective convergence.
m Note that \; < p5.

e Lot VIE e et YR



Convergence of the Euler discretization (II)

Assume H1 Then, there exist 4 > 0, E5 1, E5 2 > 0 such that for any v € (0,7],
x,y € RY and k € N we have

8RS — 8, RE lrv < We(8<RY, 8,RE) < Esap5"*e(x,y) , (8)
Wi (8,R, 8,R) < Es op4"* x — ]| . 9

In addition, the constants, {E5; : i =1,2,3} can be explicitly computed.

m This result and the first one imply quantitative convergence for variance of
additive functional and concentration inequality.

m No need of strict contraction!
m Bounds also for W,(8,RX,5,R¥).
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Convergence of the diffusion

Theorem 4

Assume H1. Then there exist Dy, D>, E > 0 and A\, p € [0,1) with A\ < p such
that for any x,y € RY and t > 0

||6XPI‘ - 6yPtHTV < Wc(‘stha 5yPl’) < /\t/4[D1C(X7Y) + D2]]-x;£y] + Ept/4]]-x;£y )

(10)
where c(x,y) = Lz, (1 + [[x — y|| /R), (P¢)e>0 is the Markov semigroup
associated with the Langevin semigroup and

D1 = |imryH0 D-’l 9 D2 = |imﬂ7ﬁo D:/$2 9 E = |im;/*)0 Eﬁ 9 (11)
A=lims—oAy, p=lims_op5,

and Ds 1, D5 », E5, A5, p5 are given in Theorem 2.

m Note that the constants Dy, Dy, E, A and p have explicit expressions.
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Comparison with existing results

m First, a major difference between our work and other ones on the same
subject is that we use a completely different technique to establish our results.

m They show in general a strict contraction for W, for well-chosen c.

m Therefore they do not dissociate the forgotten of initial conditions and the
effective convergence rate.

m The convergence rate obtained in [EM18] [MMS18] are smaller than ours
regarding the discretization.

m The convergence in the total variation we derive is new using a probabilistic
strategy and improve [EGZ18] (dependence on the dimension).
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Outline

Convergence of the Metropolis Adjsuted Langevin Algorithm (MALA)
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The Metropolis Adjsuted Langevin Algorithm

m To circumvent the bias of ULA, [RT96b; RDF78; Nea93] suggest to use a
Metropolis filter.

m This defines the Markov chain

Xir1 = Vi1 {a( Xk, Yiy1) < Uqa} + Xe L {a( Xk, Y1) > Uga} , (12)

where
Yir1 = Xk — vV U(Xe) + /27Grp1 (13)
ero ()

m Denote by R, the Markov kernel associated with MALA.
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Convergence of MALA

m What about convergence of MALA?

m Under very mild assumption on U:

lim |[8xR, — 7|y =0, for any x € RY . (15)

k— 400

m Question: can we quantify the convergence?

m Here we are particularly interested in geometric ergodicity.
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Conditions on U

m U is L-gradient Lipschitz.
m U= U + U, with Uy, VU, bounded and

V2Ui(x) = mld, forany x €RY, ||x|| > R. (16)

m Condition (16) is stronger than condition H1—(6).
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A first result

Theorem 5 ([DM23])

Assume H2. Then, there exists 4 > 0 such that for any v € (0,7], there exist
C, >0, py €[0,1) satisfying for any x, k

[6xRE — 7|y < CyphV(x), (17)

where

V(x) = exp(m x]|* /16) . (18)

m C, >0, p, €[0,1) are non-quantitative.

m In particular, the dependence with respect to + is unclear.
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A quantitative result

Assume that sup, ||D3U(x)|| < M < +o0.

Theorem 6 ([DM23])

Assume H2 and H3. Then, there exists ¥ > 0, G5 > 0, p5 € [0, 1) such that for
any v € (0,79], x, k
I5xRE — 7llv < G5p7V(x), (19)

where V(x) = exp(m ||x||*> /16).

m G >0, p5y €[0,1) are quantitative.

m We get back the linear dependence of the convergence rate with respect to ~:

log(p2) = 7 log(ps5) - (20)
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Comparison with existing results 1/l

m V-geometric ergodicity has been shown for MALA in [RT96a] under strong
condition on U.

Assume
i [ Lty =0, (21)

where
Ax) ={y : alx,y) =1}, 1(x) = B(0,[[x]]) - (22)
liminf (x| = [x=7VUCII} = 7. 23)

m Condition very hard to verify!
m The Lyapunov function that [RT96a] depends on v: V/(x) = exp(a]
a<yn.

),
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Comparison with existing results 11/1lI

m Analysis of MALA using conductance techniques [Dwi+18; Che+21]
m Assume U is strongly convex

m Require a proper initialization
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Comparison with existing results 111/1lI

Assume that U is C* and

V2U(x) = mld, for||x|| > R. (24)

Theorem 7 (bourabee:hairer:2013)

Assume H5, then there exists 5 > 0, G5 > 0, p5 € [0,1) such that for any
v € (0,7], [Ix|l £ Eo, k

18RS = wllvv < C5(Eo)(p3" V(x) + (7)) - (25)
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Outline

Stochastic optimization by Langevin Monte Carlo
m Presentation of the methodology
m Theoretical results
m Numerical experiments
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Stochastic optimization setting

m Let © be a convex closed set in R%
m Consider an objective function f : © — R which we want to minimize.

m Its gradient is given for any 6§ € © by

V£(0) = /]Rd Hy(x)me(dx) ,
where

m (0,x) = Hyp(x) € C(© x R R);
m (79)aco family of probability distributions over (R4, B(RY)).
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Stochastic approximation (I1)

m Consider an objective function f : © — R which we want to minimize

m Its gradient is given for any 6 € © by

V£(0) = /]Rd Hp(x)mo(dx) .

m To optimize f, consider the classical stochastic recursion [RM51]: starting
from 0y € ©,

Spi1 e
01 = Mo [& — N H, (V)
k=1

mp

(26)

where
m (6n)nens € (RN, (mp)nen € (N*)": stepsizes and batch sizes;
m [lg orthogonal projection onto ©;
m forany ne€ N, (Y)keqa,....m,} 1-i-d. ~ 7.
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Stochastic approximation (I11)

m Then, a sequence of approximate minimizers of f: (éN)NeN* where for

any N € N*
N N
{8
n=1 n=1
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An illustrative example: empirical Bayes estimation

m Consider the hierarchical model based on the observation y:

(v, x,0) = plylx,0)
prior distributions  (x,0) — p(x|0) and 6 — p(0) ,

m x € R? s the parameter of interest;
m 0 € © C R% is a hyperparameter.

m The the a posteriori distribution is given for any x € R? by

plxly) o /e plyIx, 0)p(x|0)p(0)d0

m Question: how to sample from p(x|y)?

m One solution consists in sampling from p(0|x, y) and p(x|y, ) alternatively
and performing inference using the marginal distribution along the variable x.
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An illustrative example, the EB setting (I1)

m The a posteriori distribution is given for any x € R9 by

p(xly) o /e plyIx, 0)p(x|0)p(0)d0

m Another solution consists in approximating the a posteriori distribution of x
given y by
p(y|x, 0%)p(x|0")p(0*) up to a normalizing constant

with 0* € arg max p(f|y)

py|0.x)p(x[0)p(0) , _ [ Px.y.0)
p(9|y)oc/Rd p(y) dx_/Rd ) O

m |t defines the empirical Bayes setting [CLOO; Cas85; Rob85].

m Now how to estimate 6*7?
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An illustrative example, the EB setting (l11)

0" e argmaxpltly) . pl0ly) x | plv10x)p(x10)p0)dx = | plx.y.0)ax.

Now how to estimate 6*?

Solution: using stochastic approximation approach with

plylx, 0)p(x]0)

Hy(x) = Vgp(x,y,0 x,y,0), mo(x) = p(x|0,y) =
b(x) = Vop(x,y,0)/p(x,y,0) o(x) = p(x]0,y) 2(y10)
m Indeed, using that p(y\;g)‘ggxw) = p;(v)((éjllf)))’ we get
VBP(XaYaG) VGP(vavo)
Vo log p(6 :/ YOPV YY) gy — | YOPYOY D) Yax
olog p(fly) re  P(Oly) p(x,y,0) o)

m However, in some case sampling from 7y is not an option!

m Other applications where it is not possible: maximum marginal likelihood
estimation, texture synthesis...
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Stochastic optimization using MCMC

m Question: how to use stochastic approximation as sampling from my is not an
option.

m One solution: use MCMC methods.
m Specifically, the SA recursion is replaced by: starting from 6y € ©,

Oni1
9n+1 - rl@ 0,, - 1 HG,.(Ykn) ) (27)
k=1

mp

where
m (6n)nen- € (RN, (my)nen € (N*)": stepsizes and batch sizes;
m g orthogonal projection onto ©;
m forany n €N, (Y)keq1,...,m,} is a Markov chain with invariant
distribution 7y, .
m SA (with and without MCMC) was studied in numerous papers [BMP90;
FMO03; DHS11; AM06; Nem+-08; AFM17]

m Question: can we use inexact MCMC methods as ULA instead of exact
MCMC methods?
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Stochastic optimization using inexact MCMC

m More precisely, consider a family of Markov kernels
{K,.0,7€(0,7) and 0 € ©} .

m Assume that for any § € © and v € (0,%), K, ¢ admits an invariant
probability distribution 7, g.

m Assume in addition that: the bias associated to the use of this family of
Markov kernels can be controlled w.r.t. to v uniformly in 6, i.e.there exists
C > 0 such that for all v € (0,7) and 0§ € ©,

|7y,6(Ho) — mo(Hg)| < CY™ ,for 7> 0.

m It seems reasonable to use the recursion: starting from 6y € ©,

Sntl "
Ons1 = Mo |0, — m“ > Ha, (XD (28)
" k=1

where
m forany ne N, (X )ke{l ,,,,, m,} is a Markov chain with Markov kernel
K,,.0,, where (%)neN is a sequence of step-size.
_ Langevin MC and applications 50 /69



Stochastic approximation using inexact MCMC (lI)

m starting from 6y € O,

Mp

6n+1
n =1 n— Ha, (X¢ ) 2
Oni1 o |t m ; 0, (X) (29)

where
m for any n € N, (X{)keq1,...,m,} is @ Markov chain with Markov kernel
K, .6, Where (yn)nen is a sequence of step-size.
m In our applications,
m for any 6 € ©,
70(x) o exp (—Up(x))

m K,y stands for R, for any v € (0,%), 0 € © where R, 4 is associated
with
X/f+1 = Xke - VU()(X,?) + vV 27Giq1 -
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Stochastic approximation using inexact MCMC (III)

m starting from 6y € O,

_ 6n+1 i n
0n+1 = rl@ [en m, ; HG,,(Xk) ’ (30)

where

m forany n € N, (X])keq1,...,m,} is @ Markov chain with Markov kernel
K,,.0,, where (7,)nen is a sequence of step-size.

m Question: convergence to minimizers/minimum of f of
(On)ven+/(f(On))nen+ where for any N € N*

e ey 1
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Stochastic optimization by Langevin Monte Carlo

m Theoretical results
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Assumptions on © and f

© is a convex compact set and © C B(0, Mg) with Mg > 0.

There exist an open set U C R™ and L¢ > 0 such that © C U and f € CY(U,R) is
convex and for any 01,6, € ©

IV£(61) = VE£(60:)]| < Le|61 — 62| - (31)
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Main results increasing batch size

Theorem 8 (DDPV 19)

Assume H6, H7 and some conditions on {K, ¢ : v € (0,7],0 € ©}. Let (Yn)nen,
(dn)nen+ be sequences of non-increasing positive real numbers and (m,,)nen be a
sequence of positive integers satisfying sup,cy 0n < 1/L¢, sup,cnvn < 7 and

+o00 +o00o +o0
Z(Sn—t—l =+o0, Z 5n+1'}/;7r < 400, Z 5n+1/(mn7n) < +00.
n=0 n=0 n=0

Then, (0,)nen converges a.s to some 6* € arg ming f.
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Fixed batch size setting

m The conditions:

+o0 +00
25n+1 =40, Z(Sn—&-l/(mn'}/n) < 400
n=0 n=0

implies that m, — +o00 as n — +o0.

m We also have the same kind of convergence results in the setting where

m, = m € N* for any n € N* but requires additional conditions which are
satisfied for ULA.
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Assumptions on {R, 4 : v € (0,7],6 € ©}

m The condition on {R, 9 : v € (0,7],0 € ©} is satisfied under the following
assumption on (79)pco-

For any 0 € ©, there exists Uy : R? — R such that ma(x) oc exp(—Us(x)). In
addition (0, x) — Up(x) is continuous, x — Uy(x) is differentiable for all § € ©
and there exists L > 0 such that for any x,y € RY,

sup ||V Up(x) = VxUp(y)ll <Llx =yl ,
0eo

and {|[VxUp(0)|| : @ € ©} is bounded.

There exist > 0 and my, C, M,, > 0 such that for any 6 € © and x € RY,

(VxUs(x), ) = nllx|[Le(o,m,)e (x) +m1 [V Up(x)]* = C .
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Stochastic optimization by Langevin Monte Carlo

m Numerical experiments
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Numerical experiments: Statistical audio compression

m Consider an n-dimensional time-discrete signal z € R".

m Assume it is sparse in some dictionary ¥ € R"™J, ie, z=Wx with x € R/ is
sparse.

m We assume that the observation y is a noisy compressed version of z:
y=Mz+w,

where w is Gaussian and M € RP*" with p < n is a measurement matrix.

m We consider the prior

p(x|6) ocexp( QZhA ) ,

where hy is the Huber function given for any u € R by

ha(u) = u?/2 if lul <A,
M A(Jul = A/2)  otherwise .
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Numerical experiments: Statistical audio compression (I1)

m The a posteriori distribution is then given by:

M‘l’x
p(XIy,9)0<e><p< lly = M, GZhA )

m z is retrieved here by computing the maximum-a-posteriori (MAP) estimate
Kmap that maximises p(x|y) and then setting Zpap = WXpmap:

d
Kmap(0) € arg{élin {HY - M‘Px||§ /(20°) + QZ h)\(x,-)} ,
xeR"

i=1

m The problem we face is to select the value of the hyper-parameter 6 > 0.
m Here we consider the maximum marginal likelihood estimator

é\MMLE(e) = argmax p(y|9) s © = [0.4444, 2.22 x 103) s
0co
computed using the SA approach below, since
py1e) = | plx.yIo) dx
Rn
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Numerical experiments: Statistical audio compression (I11)

m We consider the audio compression experiment proposed in [BNE10] for the
“Mary had a little lamb"” song.

m The unknown parameter vector x is assumed to have dimension d = 2900.

m ¥ has row vectors which correspond to different piano notes.

m In the experiment proposed in [BNE10], 6 is set to

fes = 0.1 - max(|(M¥)Ty|)/o?

10*
—:10))
103 —0, (weighted average)
m We use 0 as the initial value for ¢
in our algorithm. 102
. . . . >
m We use a fixed step size v, mini- ol
batch m, = 1, and a decreasing
sequence (6,)nen o< n~08, 100
1071
0 50 100 150 200

Iteration (t)
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Numerical experiments: Statistical audio compression (1V)

m We compare the reconstruction for the MAP corresponding to our
approximation of Oypvrg and O.s.

m We consider the reconstruction mean squared error (MSE) ||z — WXyap||2.
m Oyvvra is close to the optimal value.

20 e - |
21 . / |

241 |

MSE

) * e
26| * fes 4

281 : / 4

32 I I I 1
10° 10* 10? 10° 104
0

Figure: Statistical audio compression MSE for different values of the 0
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