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Introduction Monte Carlo computation

Monte Carlo method

Goal : estimate µ =

∫
[0,1]d

f(u) du = E (f(U)) = E (X)

U r.v. uniformly distributed

f ∈ L2[0, 1)
d

Usual Monte-Carlo method :

1 Sample i.i.d. X = f(U)

2 Empirical Mean estimate XM =
1

M

M∑
i=1

Xi

→ Asymptotic confidence interval (Central Limit Theorem)
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Introduction Questions

Can we do better ?

Wish list
1 Estimators µ̂M for a wide class of X = f(U), typically X ∈ L2[0, 1)

d.

2 Find the associated non-asymptotic confidence interval

3 Convergence faster than Monte Carlo i.e. o(M−1/2)

Our solutions : combining
a Robust mean estimators

b Randomized Quasi-Monte Carlo methods

→ Optimal confidence interval for f ∈ L2[0, 1)
d
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Introduction Questions

What is the best we can achieve?

Confidence interval P (|AM (f)− µ| < g(δ) = ϵ) ≥ 1− δ

AM (f) generic approximating algorithm with M sample
Error ϵ, Confidence 1− δ

f ∈W normed linear space of functions defined on a domain [0, 1)d

Definition 1 (Minimal probabilistic MC error at uncertainty δ)

goptM (δ,W ) := sup
∥f∥W≤1

inf{ϵ > 0 | ∃ (ϵ, δ)− approximating algorithm AM}

Theorem 2 (Kunsch & Rudolf 2019)

For Sobolev spaces W =Wmix,r
p ([0, 1]d), i.e. f ∈ Lp + Mixed Smoothness

"regularity" r ≥ 0
For p ≥ 2 and log δ−1 < M

goptM (δ,Wmix,r
p ([0, 1]d)) ⪰ 1

M r

√
log δ−1

M
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Variance reduction via Quasi-Monte Carlo

Quasi Monte Carlo

i.i.d. samples Ui ∼ U([0, 1]d)
error = O(N−1/2)

Irrational translation on the torus :
ui =

(
Frac(i

√
2),Frac(i

√
3)
)

" QMC deterministic error bound : Strong condition on f + intractable
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Variance reduction via Quasi-Monte Carlo

Quasi Monte Carlo

i.i.d. samples Ui ∼ U([0, 1]d)
error = O(N−1/2)

(t = 0,m = 8, d = 2)-net
error = O(log(N)dN−1)

" QMC deterministic error bound : Strong condition on f + intractable
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Variance reduction via Quasi-Monte Carlo Randomized Quasi-Monte Carlo

Randomized Quasi Monte Carlo (RQMC)

" QMC error bounds are really difficult to compute in practice

→ Randomization to get confidence intervals

The deterministic QMC sequence (ξ1, . . . , ξN ) is randomized
(R1, . . . ,RN )

Still has good QMC properties
Ri ∼ U([0, 1]d) for all i ∈ {1, . . . , N}

" The Rm m = 1, . . . , N are NOT independent.

⇒ µN =
1

N

N∑
m=1

f (Rm) is unbiased

Examples of randomization methods

Cranley-Patterson rotation : random shift
Nested Uniform Scrambling for (t,m, d)-net [Owen, 1995].
→ Preserve the properties of (t,m, d)-net.

A lot of theoretical convergence guarantees

E. Gobet, M. Lerasle and D. Métivier The Robust Quasi Monte Carlo Method 9
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Variance reduction via Quasi-Monte Carlo Randomized Quasi-Monte Carlo

Examples

i.i.d. samples Ui ∼ U([0, 1]d) (t = 0,m = 8, d = 2)-net
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Variance reduction via Quasi-Monte Carlo Randomized Quasi-Monte Carlo

Examples

i.i.d. samples Ui ∼ U([0, 1]d)
Scrambled

(t = 0,m = 8, d = 2)-net
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Variance reduction via Quasi-Monte Carlo Variance of scrambled nets

Variance of scrambled nets

Theorem 3 (Variance of scrambled nets (Owen 1995, 1997, 1998) )

If µN = 1
N

∑N
i=1 f (Ri) with scrambled (t,m, d)-nets in base b, then

If f ∈ L2,
√
NσN ≤ bt/2

(
b+1
b−1

)d/2
σ

If f ∈ L2,
√
NσN → 0 as N → ∞

If in addition f ∈Wmix,1
p σN = O

(
log(N)(d−1)/2

N3/2

)
.

If f ∈Wmix,r
p , σN = O(N−r−1/2(logN)d(r+1)/2) [Dick 2011]

Unbounded f ∝ x−1/2+ν with 0 < ν < 1/2. σN = O
(
N−1/2−ν)

[Gobet, Lerasle, M. 2022]

Take home : Scrambled RQMC is ALWAYS (asymptotically) faster than MC
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Confidence intervals for RQMC

1 Introduction

2 Variance reduction via Quasi-Monte Carlo

3 Confidence intervals for RQMC
Strategy and notations
Confidence bounds
Deviation inequalities

4 Robust mean estimation

5 The Robust Randomized Quasi Monte Carlo method

6 Numerical experiments

E. Gobet, M. Lerasle and D. Métivier The Robust Quasi Monte Carlo Method 12



Confidence intervals for RQMC Strategy and notations

Confidence intervals for Randomized Quasi Monte Carlo

Strategy and notations :
Computational budget : M = n×N points

n independent mini-batches R(1)
1 , . . . ,R

(1)
N︸ ︷︷ ︸

µ
(1)
N

, . . . ,R
(n)
1 , . . . ,R

(n)
N︸ ︷︷ ︸

µ
(n)
N

µ
(i)
N :=

1

N

N∑
j=1

f(R
(i)
j ) with σN = o(N−1/2) (variance reduction)

Empirical Mean (EM) : µM = µN,n :=
1

n

n∑
i=1

µ
(i)
N .

Confidence intervals P
(
|µN,n − µ| ≥ g(δ)

)
≤ δ ?

Goal : Optimal K.R. bounds goptM (δ,Wmix,0
p = L2) ≍

√
log δ−1/M

E. Gobet, M. Lerasle and D. Métivier The Robust Quasi Monte Carlo Method 13
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Confidence intervals for RQMC Deviation inequalities

Asymptotic bounds for L2 random variables

Proposition 1 (Central Limit Theorem)

Assume that µ(i)N = 1
N

∑N
j=1 f(R

(i)
j ) ∈ L2 then

P
(
|µN,n − µ| ≤ σN

Φ−1(1− δ)√
n

)
→ 1− δ ,

where Φ−1(1− δ)
δ→0∼

√
2 log(1/δ) is the standard Gaussian quantile.

+ Bound ∝ σN → 0 as N → +∞.

- Bound valid only as n→ +∞ (especially true for f(U) far from being
Gaussian)

One would prefer n small and N large to benefit from variance reduction

⇒ Non-asymptotic bounds (finite n)

E. Gobet, M. Lerasle and D. Métivier The Robust Quasi Monte Carlo Method 14
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Confidence intervals for RQMC Deviation inequalities

Finite sample bounds for bounded random variables

Proposition 2 (Hoeffding’s inequality)

Assume that µ(i)N = 1
N

∑N
j=1 f(R

(i)
j ) ≤ cN a.s. then

P

(
|µN,n − µ| ≥ cN

√
log(2/δ)

n

)
≤ δ

+ Finite sample bound

- Requires boundedness assumptions.

- σN is replaced by cN = ∥µ(i)N ∥∞.

- A priori, for QMC sequences, cN ↛ 0 with N

Similar for Bennett, Bernstein etc. one never gets something ∝ σN

E. Gobet, M. Lerasle and D. Métivier The Robust Quasi Monte Carlo Method 15
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Confidence intervals for RQMC Deviation inequalities

Finite sample bounds under finite second moment

Proposition 3 (Chebyshev’s inequality)

Assume that µ(i)N = 1
N

∑N
j=1 f(R

(i)
j ) has a finite second moment then

P
(
|µN,n − µ| ≥ σN√

δn

)
≤ δ ∀δ ∈ (0, 1).

+ Non asymptotic + good w.r.t. σN .
- Bad Confidence level 1/

√
δ compared to CLT-level

√
log(1/δ).

Take home : The Empirical Mean is
either good w.r.t. δ BUT strong conditions on f + sub-optimal w.r.t. σN

or good w.r.t. σN + f ∈ L2 BUT bad behavior w.r.t. δ.
Objective to achieve optimally : we want mean estimators with bounds

∝ rate σN , (to benefit from QMC)
∝ the optimal

√
log 1/δ rate

E. Gobet, M. Lerasle and D. Métivier The Robust Quasi Monte Carlo Method 16



Confidence intervals for RQMC Deviation inequalities

Finite sample bounds under finite second moment

Proposition 3 (Chebyshev’s inequality)

Assume that µ(i)N = 1
N

∑N
j=1 f(R

(i)
j ) has a finite second moment then

P
(
|µN,n − µ| ≥ σN√

δn

)
≤ δ ∀δ ∈ (0, 1).

+ Non asymptotic + good w.r.t. σN .
- Bad Confidence level 1/

√
δ compared to CLT-level

√
log(1/δ).

Take home : The Empirical Mean is
either good w.r.t. δ BUT strong conditions on f + sub-optimal w.r.t. σN

or good w.r.t. σN + f ∈ L2 BUT bad behavior w.r.t. δ.

Objective to achieve optimally : we want mean estimators with bounds
∝ rate σN , (to benefit from QMC)
∝ the optimal

√
log 1/δ rate

E. Gobet, M. Lerasle and D. Métivier The Robust Quasi Monte Carlo Method 16



Confidence intervals for RQMC Deviation inequalities

Finite sample bounds under finite second moment

Proposition 3 (Chebyshev’s inequality)

Assume that µ(i)N = 1
N

∑N
j=1 f(R

(i)
j ) has a finite second moment then

P
(
|µN,n − µ| ≥ σN√

δn

)
≤ δ ∀δ ∈ (0, 1).

+ Non asymptotic + good w.r.t. σN .
- Bad Confidence level 1/

√
δ compared to CLT-level

√
log(1/δ).

Take home : The Empirical Mean is
either good w.r.t. δ BUT strong conditions on f + sub-optimal w.r.t. σN

or good w.r.t. σN + f ∈ L2 BUT bad behavior w.r.t. δ.
Objective to achieve optimally : we want mean estimators with bounds

∝ rate σN , (to benefit from QMC)
∝ the optimal

√
log 1/δ rate

E. Gobet, M. Lerasle and D. Métivier The Robust Quasi Monte Carlo Method 16



Robust mean estimation

1 Introduction

2 Variance reduction via Quasi-Monte Carlo

3 Confidence intervals for RQMC

4 Robust mean estimation
Z-estimators
Median-of-Means like estimators
Lee-Valiant estimator

5 The Robust Randomized Quasi Monte Carlo method

6 Numerical experiments

E. Gobet, M. Lerasle and D. Métivier The Robust Quasi Monte Carlo Method 17



Robust mean estimation

Robust mean estimator

Definition 4 (δ-Sub-Gaussian “Robust” mean estimator)

Given δ ∈ (0, 1), µ̂n(X1, . . . , Xn) is a δ-Sub-Gaussian mean estimators, if

P

(
|µ̂n − µ| ≥ Lσ

√
log(2/δ)

n

)
≤ δ.

for some
√
2 ≤ L < +∞.

Optimal robust estimator has L =
√
2

µ̂n depends on the confidence level δ
There are conditions like n ≥ log cδ−1

Famous examples : Median of Mean, Trimmed Mean
[Catoni, 2012] build estimator quasi optimal Ln ≈

√
2 (as n→ ∞).

Very active topics : plenty of other estimators in the sea

E. Gobet, M. Lerasle and D. Métivier The Robust Quasi Monte Carlo Method 18
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Robust mean estimation

Robust Mean estimation : Heavy tail example

Pareto distribution pdf(x) = νx−(ν+1). ν > k⇒ Finite k-moment

ν = 2.5, δ ≃ 0.1%, n = 112
E. Gobet, M. Lerasle and D. Métivier The Robust Quasi Monte Carlo Method 19
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Robust mean estimation Z-estimators

Example of construction : Z-estimators

EM µn solves w.r.t θ the equation
∑

i(Xi − θ) = 0

Z-estimator are defined as the zero of

Rn,ψ(θ) =

n∑
i=1

ψ (α(Xi − θ)),

where the influence function ψ : R → R is an antisymmetric
non-decreasing function and α ∈ R is a tuning parameter.
Examples :

ψ(x) = x⇒ EM,
ψ(x) = sign(x) ⇒ median estimator.

Huber 1964 influence function :

ψ(x) =


1 if x > 1

x if |x| ≤ 1

−1 if x < −1

E. Gobet, M. Lerasle and D. Métivier The Robust Quasi Monte Carlo Method 20



Robust mean estimation Z-estimators

Z-estimator with Catoni influence function :

ψ(x) =

{
log(1 + x+ x2/2) if x ≤ 0

− log(1− x+ x2/2) if x > 0.

Still sensitive to very large values but with a logarithmic impact.

Theorem 5 (Catoni estimator [Catoni, 2012])
Let δ ∈ (0, 1) be such that n > 2 log(2/δ).

Set α =

√√√√ 2 log(2/δ)

nσ2
(
1 + 2 log(2/δ)

n−2 log(2/δ)

) .

Then, P

(
|µ̂n − µ| < σ

√
2

√
log(2/δ)

n

1

1− 2 log(2/δ)/n

)
≥ 1− δ.

- Does require knowledge of σ.
+ Nearly optimal
+ Small bias
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Robust mean estimation Median-of-Means like estimators

Median-of-Means like estimator

Theorem 6 (Median-of-Means estimator [Devroye et al., 2016])

Split the n-sample in k blocks J1, . . . , Jk
Set XJi the empirical mean over the block Ji
Set

µ̂n = median
(
XJ1 , . . . , XJk

)
.

Assume that m = n/k is integer and that the size of each block is m.
The MoM with k = ⌈8 log (1/δ)⌉ ≤ n is a δ-sub-Gaussian estimator :

P

(
|µ̂n − µ| ≤ σ

√
32 log(1/δ)

n

)
≥ 1− δ

+ No knowledge of σ.

- Far from optimal
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Robust mean estimation Lee-Valiant estimator

Theorem 7 (Lee-Valiant estimator [Lee and Valiant, 2020])
For a given n ≥ log δ−1, define the MoM computed on k = log(δ−1) groups (k
integer). The Lee-Valiant estimator is then defined as

µ̂n = MoM+
1

n

n∑
i=1

(Xi − MoM)(1−min(α(Xi − MoM)2, 1))

where α solves
n∑
i=1

min(α(Xi − MoM)2, 1) =
1

3
log

(
1

δ

)

Then, P

(
|µ̂n − µ| < σ(1 + o(1))

√
2 log (1/δ)

n

)
≥ 1− δ.

+ No knowledge of σ.
+ Nearly optimal
+ Very good in practice
- The o(1) term is not much tractable.
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The Robust Randomized Quasi Monte Carlo method

1 Introduction

2 Variance reduction via Quasi-Monte Carlo

3 Confidence intervals for RQMC

4 Robust mean estimation

5 The Robust Randomized Quasi Monte Carlo method

6 Numerical experiments
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The Robust Randomized Quasi Monte Carlo method

Optimal Confidence intervals

Computational budget : M = n×N points
n independent mini-batches (µ(i)N , i = 1, . . . , n)

µ
(i)
N := 1

N

∑N
j=1 f(R

(i)
j ) where (R

(i)
1 , . . . ,R

(i)
N ) is a scrambled net

Theorem 8 (Optimal confidence intervals)

µ̂N,n = RobustMeanEstimator(µ̄
(1)
N , . . . , µ̄

(n)
N ) and n ≳ log 1/δ

P

(
|µ̂N,n − µ| > L

√
NσN

√
log 1/δ

M

)
⩽ δ

For all f ∈ L2,
√
NσN ≤ Cst at finite N → Optimal non asymptotic

K.R. bound
For f ∈ L2,

√
NσN → 0, N → ∞

For singular f ∈ L2,
√
NσN = O(N−ν)

For f ∈Wmix,r>0
p ,

√
NσN = O(logNd(r+1)/2)/N r → Lower K.R.

bound up to log terms
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Numerical experiments

1 Introduction

2 Variance reduction via Quasi-Monte Carlo

3 Confidence intervals for RQMC

4 Robust mean estimation

5 The Robust Randomized Quasi Monte Carlo method

6 Numerical experiments
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Numerical experiments

Settings [Owen 2013]

Test function :

f(x) = fβ,h(x) =

d∏
j=1

(1 + βjhj(xj))

such that µ = 1 and σ = 1/2 with

hν(x) =

√
2ν(2ν + 1)

|1− 2ν|

(
1

x
1
2
−ν

− 2

2ν + 1

)
.

ν > 1/2 : f a bit smooth (non-singular)
0 < ν < 1/2 : f singular and L2(0, 1]

d

The β control how each dimension contributes :

βj =
β

log(1 + j)
,
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Numerical experiments

Monte Carlo vs Robust Randomised Quasi Monte Carlo

f singular, δ ≃ 0.1%, n = 56, N = 215, d = 17, ν = 0.05

The whiskers show the estimated quantile 1− δ
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Numerical experiments

Monte Carlo vs Robust Randomised Quasi Monte Carlo

f smooth and bounded, δ ≃ 5%, n = 12, N = 216, d = 17, ν = 2× 105

The whiskers show the estimated quantile 1− δ
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Numerical experiments

Conclusion

Take home :
Use good (R)QMC methods !
Forget about Empirical Mean far from Gaussian
RQMC + Robust estimators achieve optimal error bound

+ Julia Packages RobustMeans.jl + QuasiMonteCarlo.jl

Julia is great for collaborative/interdisciplinary scientific computing (and
fast+readable)

Perspective
Extension to f : [0, 1]d 7→ Rq

? What are sub Gaussian/Robust estimator ? Few results
[Lugosi and Mendelson, 2019].

? Is RQMC + Robust still the way to go?
Contaminated dataset

Thank you !
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Extra slides

Finite sample bounds for bounded random variables

Proposition 4 (Bennett’s inequality)

Assume that µ(i)N = 1
N

∑N
j=1 f(R

(i)
j ) ≤ cN a.s. then

P
(
|µN,n − µ| ≥ ϵ

)
≤ f(ϵ)

(
⇔ P

(
|µN,n − µ| ≥ g(δ)

)
≤ δ
)

with f(ε) = 2 exp

(
−
nσ2N
c2N

h

(
cNε

σ2N

))
, h(u) = (1 + u) log(1 + u)− u.

If nσ2N → 0 and cN constant, for fixed δ, g(δ) ≍ log(1/δ)

n log

(
log(1/δ)

nσ2N

)
- Requires boundedness assumptions.
- Slower than the asymptotic bound

[n log(1/nσ2
N )]−1

σN/
√
n

= 1
(nσ2

N )1/2 log(1/nσ2
N )

→ ∞, when nσ2N → 0.
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Extra slides

Finite sample bounds under exponential moments

We relax the boundedness assumption on f into subexponential tail
assumptions, at the price of logarithmic factor.

Assume the following Bernstein’s conditions :

E
(
|µ(i)N − µ|q

)
≤ q!

2
σ2Nc

q−2
N , for any integer q ≥ 2,

where cN > 0.
Thus µ(i)N has finite exponential moments and cN is an upper bound on
the Orlicz norm ∥µ(i)N ∥ψ1 ≲ cN . No reason that cN goes to 0.

Proposition 5 (Bernstein’s inequality)

f(ε) = 2 exp

(
− nε2

2(σ2N + cNε/3)

)
.

- Asymptotically, we do not benefit from LD properties.
[Chamakh et al., 2021] deals with β-heavy-tailed distribution (including
log-normal distributions) → same issue
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Extra slides

Finite sample bounds for β-heavy-tailed µ(i)N . [Chamakh et al., 2021] deals
with β-heavy-tailed distribution (including log-normal distributions).

Assume that ∃β > 1 s.t. the Orlicz norm ∥f(U)∥HTβ is finite, where

∥f(U)∥HTβ := inf {c > 0 : E (Ψβ (|f(U)|/c)) ≤ 1} ,
with Ψβ(x) := exp((ln (x+ 1))β)− 1.

Then

f(ε) = 2 exp

−

ln

1 +
εn

c
(
σN

√
n+ ∥µ(1)N ∥HTβ Ψ1/β(n)

)
β

 .

Here the sequence Ψ1/β(n) → +∞ as n→ +∞ but slowlier than any
polynomial.

Asymptotically, we do not benefit from LD properties when σ2Nn→ 0.
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