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Introduction

Consider the financial loss

X = E[ψ(Y, Z)|Y ] = Ψ(Y ), Y ⊥⊥ Z.

For a confidence level α ∈ (0, 1), we want to estimate the VaR ξ? and the ES χ?:

P(X ≤ ξ?) = α, χ? = E[X|X > ξ?].

Stochastic Approximation Approachwhen Ψ Is Analytical

According to [5],

min
ξ∈R

{
V (ξ) = ξ + 1

1 − α
E[(X − ξ)+]

}
, ξ? ∈ arg minV, χ? = minV.

We take the step size γn = γ1
nβ
, γ1 > 0, β ∈ (0, 1].

As in [1], we consider the algorithm

ξn+1 = ξn − γn+1H1(ξn, X(n+1)), χ0 = 0, χn+1 = χn − 1
n + 1

H2(χn, ξn, X(n+1)),

where ξ0 ⊥⊥ (X(n))n≥1
iid∼ X s.t. E[|ξ0|2] < ∞, and

H1(ξ, x) = 1 − 1x>ξ
1 − α

, H2(χ, ξ, x) = χ−
{
ξ + 1

1 − α
(x− ξ)+

}
.

Computationally, for a prescribed accuracy ε2 > 0,

CostSA = Cε−2.

However Ψ is not always analytical to be able to simulate directlyX = Ψ(Y ).

Nested Stochastic Approximation Approach Otherwise

According to [2], we can approximate X = E[ψ(Y, Z)|Y ] by

Xh = 1
K

K∑
k=1

ψ(Y, Z(k)), h = 1
K

∈ H =
{ 1
K ′, K

′ ≥ 1
}
, (Z(k))1≤k≤K

iid∼ Z ⊥⊥ Y.

We approximate the original optimization problem by

min
ξ∈R

{
Vh(ξ) = ξ + 1

1 − α
E[(Xh − ξ)+]

}
, ξh? ∈ arg minVh, χh? = minVh.

We devise the algorithm

ξhn+1 = ξhn − γn+1H1(ξhn, X
(n+1)
h ), χh0 = 0, χhn+1 = χhn − 1

n + 1
H2(χhn, ξhn, X

(n+1)
h ),

where ξh0 ⊥⊥ (X(n)
h )n≥1

iid∼ Xh s.t. E[|ξh0 |2] < ∞.

Theorem 1. The global error is majorized by

E[(ξhn − ξ?)2] + E[(χhn − χ?)2] ≤ C(h2 + γn).

For a prescribed accuracy ε2 > 0, one has to choose

h = ε, n =
⌈
ε− 2

β
⌉

⇒ CostNested SA = C
n

h
= Cε− 2

β−1,

which is optimal when β = 1:

CostNested SA = Cε−3.

The implied nested Monte Carlo computational cost should be countered.

Multilevel Acceleration of the Latter

Let h0 = 1
K

∈ H andM > 1. Using telescopic summation,

ξhL
? = ξh0

? +
L∑
`=1

ξh`
? − ξh`−1

? , χhL
? = χh0

? +
L∑
`=1

χh`
? − χh`−1

? , h` = h0
M `

∈ H.

As in [4] and [3], we consider N0 ≥ · · · ≥ NL ≥ 1 and define

ξLML = ξh0
N0

+
L∑
`=1

ξh`

N`
− ξh`−1

N`
, χLML = χh0

N0
+

L∑
`=1

χh`

N`
− χh`−1

N`
.

Each level 0 ≤ ` ≤ L is simulated independently.

Within each level 1 ≤ ` ≤ L, Xh`
and Xh`−1 are perfectly correlated:

Xh`−1 = 1
KM `−1

KM `−1∑
k=1

ψ(Y, Z(k)), Xh`
= 1
M
Xh`−1 + 1

KM `

KM `∑
k=KM `−1+1

ψ(Y, Z(k)).

Assumption 1. We consider 3 different frameworks:

1. ∃p∗ > 1, E
[∣∣ψ(Y, Z) − E[ψ(Y, Z)|Y ]

∣∣p∗] < ∞.

2. ∃C > 0, ∀λ ∈ R, E
[

exp
(
λ
(
ψ(Y, Z) − E[ψ(Y, Z)|Y ]

))]
≤ exp(Cλ2).

3. G` = h
−1

2
` (Xh`

−Xh`−1) and K` = ‖FXh`−1|G`
‖Lip satisfy sup`≥1 E[K`|G`|] < ∞.

Theorem 2. The global error is majorized by

E
[(
ξLML − ξ?

)2] ≤ C

(
h2
L +

L∑
`=0

γN`
ϕ(h`)

)
, E

[(
χLML −χ?

)2] ≤ C

(
h2
L +

L∑
`=0

h`
N`

)
,

where ϕ(h) = h
p∗

2(1+p∗) (Asp 1.1), h
1
2 |lnh|

1
2 (Asp 1.2), h

1
2 (Asp 1.3).

To achieve a prescribed accuracy ε2 > 0, one must choose

hL = h0
ML

= ε ⇔ L =
⌈ln

(
h0
ε

)
lnM

⌉
.

VaR Focused Parametrization. We optimize

minN0,...,NL>0 CostMLSA = C
∑L

`=0
N`

h`
,

subject to
∑L

`=0 γN`
ϕ(h`) = ε2.

We infer the optimal iterations

NVaR
` =

⌈
ε− 2

β

( L∑
`′=0

h
− β

1+β

`′ ϕ(h`′)
1

1+β

) 1
β

h
1

1+β

` ϕ(h`)
1

1+β

⌉
⇒ CostVaRMLSA = Cε− 2

β−1ϕ(ε),

which is minimal when β = 1:

CostVaRMLSA = Cε− 5p∗+6
2(1+p∗) (Asp 1.1), Cε−5

2 |ln ε|
1
2 (Asp 1.2), Cε−5

2 (Asp 1.3).

ES Focused Parametrization. We optimize

minN0,...,NL>0 CostMLSA = C
∑L

`=0
N`

h`
,

subject to
∑L

`=0
h`

N`
= ε2.

We infer the optimal iterations

N ES
` =

⌈
ε−2Lh`

⌉
=

⌈
ε−2

⌈ln
(
h0
ε

)
lnM

⌉
h`

⌉
.

The achieved complexity is

CostESMLSA = Cε−2 |ln ε|2 .

Financial Case Study: Swap

Model Setting. Consider a swap on a Black-Scholes rate:

Pt = N̄ E
[ d∑
i=it

e−r(Ti−t)∆Ti(STi−1 − S̄)
∣∣∣∣Ft

]
.

Set α = 85%. Define the loss (for a short position issued at par)

X = e−rτPτ .

Approximation. The loss can be directly simulated:

X
L= A

(
exp

(
−σ

2τ

2
+σ

√
τ Y

)
−1

)
, Y ∼ N (0, 1), A = N̄S0

d∑
i=2

e−rTi∆TieκTi−1.

The loss can also be written

X
L= E[ψ(Y, Z)|Y ], Y ⊥⊥ Z = (Z1, . . . , Zd−1),

Y = exp
(

− σ2τ

2
+ σ

√
τ U0

)
, Z1 = exp

(
− σ2(T1 − τ )

2
+ σ

√
T1 − τ U1

)
,

Zi = exp
(

− σ2∆Ti
2

+ σ
√

∆TiUi
)
, U0, . . . , Ud−1

iid∼ N (0, 1),

ψ(y, z) = N̄S0

d∑
i=2

e−rTi∆TieκTi−1

(
y
i−1∏
j=1

zj − 1
)
.

Comparative Complexity Study. We work under Asp 1.1 with p? = 8.
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Conclusion

For a prescribed accuracy ε2 > 0,

CostSA = Cε−2 �
{

CostVaRMLSA = Cε−2−δ, δ < 1
CostESMLSA = Cε−2 |ln ε|2

� CostNested SA = Cε−3.
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