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Marginal Particle Filters

Consider a state space model (SSM) (Xn, Yn)n≥0 with

I transition density for the latent process fn(xn|xn−1)

I likelihood for the observation process gn(yn|xn)

We are interested in approximating the filtering distribution

p(xn|y1:n) ∝ gn(yn|xn)
∫
fn(xn|xn−1)p(xn−1|y1:n−1)dxn−1.

Algorithm 1: Marginal Particle Filter [2]
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We establish

I strong law of large numbers

N∑
i=1

W i
n ϕ(X

i
n)

a.s.→
∫
ϕ(xn)p(xn|y1:n)dxn

I central limit theorem
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In particular, when using the same proposal qn,

VMPF
n (ϕ) ≤ VPF

n (ϕ)
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Fig. 1: Variance for BPF, PF and MPF using the locally optimal proposal.
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Fig. 2: Variance of FA-APF, APF and MAPF. The proposal has the same
mean of the locally optimal proposal of FA-APF but twice the variance.

SMC for Approximate Bayesian Computation

ABC-SMC approximates the posterior distribution of a parameter θ when
the likelihood function p(yobs|θ) is intractable but can be sampled from.

I p(θ) a prior on the parameter θ

I p(·|θ) the intractable likelihood

I πεn a kernel with a degree of concentration determined by εn which mea-
sures how close yn is to the observed data yobs

We are interested in approximating the posterior distribution

p(θ|yobs) ∝ p(θ)p(yobs|θ)

using the approximate likelihood

p̂n(yobs|θ) =
∫
p(yobs|θ)πεn(y|yobs)dy

Algorithm 2: ABC-SMC [3]

1: For i = 1, . . . , N , sample θin ∼ qn
(
·|θin−1

)
and simulate

Y in ∼ p
(
·|θin
)

2: For i = 1, . . . , N , compute the importance weights
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3: Normalize the weights W i
n = W̃ i

n/
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We establish

I strong law of large numbers
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a.s.→
∫
ϕ(θn)p̂n(θn|yobs)dθn

I central limit theorem

√
N

 N∑
i=1

W i
n ϕ(θ

i
n)−

∫
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I unbiasedness

E
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∫ ∫
p(θn)p(yobs|θn)πεn(yn|yobs)dyndθn ≈ p(yobs)

The last result shows that ABC-SMC provides estimates of the model evi-
dence whose bias only depends on εn.

Conclusions

We provide a general framework to study marginal sequential Monte Carlo al-
gorithms and we characterize their asymptotic behaviour [1]. This framework
admits a number of algorithms as particular cases, including (a) marginal par-
ticle filters, marginal auxiliary particle filters, independent particle filters, (b)
ABC-SMC, marginal SMC for doubly intractable models (c) score vector and
observed information matrix estimation for particle filters.
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